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NNPEAUCJJIOBHUE
Hacrosimme meronnueckue marepuainbl aIpecOBaHbl CTYAEHTaM, MOJyYarOllUM

kBanupukanu OakamaBp 1o HampapieHusiM noarotoBku: 44.03.05I1exgaroruueckoe
obpazoBanue (¢ naByms mnpoduiasiMu moarotoBku) (mpodwim «MaremaTHKa |
Nudpopmaruka», «Martemarnka n dusuka») U HalpaBiIeHbl HAa OKa3aHUE ITOMOIIU
CTY/JICHTaM B BBINIOJHCHUH BHEAYJUTOPHON CaMOCTOSTENbHONW paboTel (B ¢opme
WHAVNBUAYAIbHBIX 3aJlaHui) M0 TeMaM «Marpuipl U omnpeaeiauTenn», <«CUCTEMbI
JUHEWHBIX YPaBHEHUN» TUCHUIUIMHBI «JIuHeliHas anreOpa».

Henabro n3ydeHuss TUCHUTUIMHBI «JIMHEWHAs anreOpbI» SBISETCS MOATOTOBKA K
oOy4eHHIO MaTeMaTHKe, HAy4YHOU paboTe B 00sacTu anreOpsl U yaeOHO-METOINIECKON
paboTe B 00111€00pa30BaTENbHBIX YUPEIKICHUIX.

Jluneiinas anreOpa — pasgen anreOpbl, H3YyYarOIIUid OOBEKTHl JIMHEHHOU
HPUPOABI. BEKTOpHbIC (MM JIMHEHHBIC) MPOCTPAHCTBA, JIMHEHHBIC OTOOPaKEHMS,
CUCTEMbl JIMHEHUHBIX YPaBHEHUH, CpEeIM OCHOBHBIX HHCTPYMEHTOB, HCIOJIb3YEMBIX B
JTUHEHHOU anredpe — ONpeneTuTeN N, MATPHUIILI, COMTPSHKEHUE.

Onpenenurens MaTpullbl PUTYPUPYET HE TOJIBKO B JIMHEWHOM airedpe, HO U B
AHAJIMTUYECKOM TEeOMETpHM, MAaTEeMAaTHYEeCKOM aHalW3e€ U JPyruxX paszjenax
MaTeMaTuku. Takum o00pa3oMm, 0e€3 HaBbIKa pEIICHUS] ONpeneNuTeIe MpPOCTO HE
0OOUTHCH.

Pemenne cuctemM nuHEHHBIX anreOpanyeckux YpaBHEHHMM — oOJHAa U3
KJIACCUYECKUX 3a/1au JIMHEWHOM anreOpbl, BO MHOTOM OIpeAeNuBIIas €€ OObEeKThl U
Metoabl. KpoMe Toro, nmuHeliHble anreOpandecKkue YpaBHEHHSI U METOJbI X PEIICHUS
UrpaloT BAXKHYIO pOJb BO MHOTHUX MPHUKIAIHBIX HAMpaBJICHUSX, B TOM YHUCJIE B
JUHEWHOM NPOrpaMMUPOBAHUH, SKOHOMETPHKE.

[{enbpt0 METOOWYECKUX PEKOMEHAALWN SIBISIETCS COACHUCTBHE B OpraHU3aLMHU
npolecca CcamMOCTOSATEIbHOM paboThl CTYJIEHTOB B XOJI€ M3YyYEHHs JIMHEHHBIX
anreOpandecKux  ypaBHEHHM, KOTOpas  SIBISETCS  CIEACTBUEM  MPABWIBHO

OpPraHM30BAaHHON y4eOHOW MAESITeNbHOCTH Ha ayJWTOPHBIX 3aHATHsAX. s 3Toro



npenojaBaTeslio HeOOXOAMMO IieJieHaNpaBIeHHO (OPMUPOBATH Y CTYACHTOB IUIaH
y4eOHBIX IEUCTBUMN, KAK HEKOTOPYIO CXEMY OCBOCHHSI y4€OHOTO MpEeAMETa.

OcHOBHBIE 3a7aud W3Y4YeHHS TeM <«MaTpHllbl U ONpeaenuTenn», «CHCTeMBbI
JUMHEHHBIX YPaBHEHUI» B By30BCKOM Kypce JTUHEIHON anreOphl CaeayIOIHe:
1) cdopmupoBaTh TOHMMaHWE 3HAYMMOCTH JAHHBIX TeM B  Oymymiel
po(heCCUOHATILHON JESATENIbHOCTH YUUTENS MATEMATUKH;
2)  03HAKOMHTBH C OCHOBHBIMHU MOHSATHUSIMH U METOIaMU JINHEHHOHN anreOphl;
3) cdopmupoBaTh TpEACTaBICHHE O MPUMEHEHWH MATPHI, ONPENSIUTENeH |
CUCTEM JIMHEMHBIX aireOpanyecKux ypaBHEHMU MJid pELIeHUs 3a7ad JIMHEHHOU
anreOpbl, BEKTOPHON anredOpbl, MATEMaTHUYECKOTO aHAJIN3a, a TAKXKE 3a7a4 MPUKIIaTHOTO
Xapakrepa.
B MeTonnyeckue pekoMeHJaliy BKIIOYEHO!
1)  cnpaBouHsIi MaTepuan (OCHOBHBIE MTOHSTHSI, CBOWCTBA, TEOPEMBI, (HOPMYIIbI);
2)  TpUMEpHI pelIeHHsSI OCHOBHBIX TUTIOBBIX 3a/1aY;
3)  OCOOSHHOCTH OIIGHWBAHUS CaMOCTOSITEIBHON pabOThl B OaJLIBHO-PEHTHHTOBOIA
CUCTEME;
4)  BapuaHTBl  BHEAyJIWTOPHOM  caMoCTOsTeNbHOW  pabotel (B ¢opme
VHBHTyaTbHBIX 3aJaHHN);
5)  TpeboBaHMS K BBITOJHEHUIO K O(POPMIICHHIO CAMOCTOSATEIIBHON pabOThI;
6)  CIIMCOK PEKOMEHAYEMOU JIUTEPATYPHI.

Teopetnueckue cBegeHUsT 00 OCHOBHBIX (pakTax JIMHEHHOW  anreOpbl
Mpe/CTaBiIeHbl B 00beMe, TOCTATOYHOM JJISl MOATOTOBKU K MPAKTUYECKUM 3aHSATHSIM,
BBITIOJTHEHUSI IOMAIIIHUX,, UHAUBUAYaIbHBIX U KOHTPOJIbHBIX 3aIaHUU.

[IpumeHeHne METOAOB JIMHEHHOW anreOpbl WUIFOCTPUPYETCS 3ajadaMu Pa3HOTO
YPOBHSI  CIIOKHOCTH. PemieHus 3agad moApoOHbI, CHaOXEHbl JIOCTATOYHBIMU
HOSICHEHUSIMU.

Crucok JnuTepaTtypbl JUIsl CaMOCTOSITEJIBHOM pabOThl Haja TEOPETHUECKUM
MaTepUaJoM WM peLIeHHEeM 3a7ad BKIIOYAaeT KIACCHYECKHE M COBPEMEHHbIE

MCTOYHHKH, YKa3aHa JIUTCpaTypa OCHOBHAA U JOIIOJIHUTCIIbHAA.



Takum oOpa3om, HaHHBIE METOJUYECKHE MAaTepPHAIbl TO3BOJISIOT IOJYYUTH
CTYJCHTY IIEJIOCTHOE MPEACTABIICHUE O COJACPIKAHUU TeM «MaTpHIIbl U OTPEACITUTEIH,
«CHucTeMbl JIMHEWHBIX YPaBHCHUU» W JIOTMKE WX pa3BepThiBaHUs, 3((HEKTUBHO
MOJITOTOBUTBLCS K MPAKTUICCKUM 3aHATHSM IO COOTBETCTBYIOIIMM TEMaM, YCIICIIHO
BBITIOJIHUTh MHIUBUIYAJIBHYIO CAMOCTOSITEIbHYIO paboTy. Kpome Toro, mocodue Moxer
OKa3aThCsl TMOJIC3HBIM MPHU HAIMMCAHUM KYPCOBBIX M BBIMYCKHBIX KBaJIU(PHUKAIIHOHHBIX
paboT, a Takke MPH MPOXOXKICHUU TPOU3BOACTBCHHOHN (IIeIaroruaeckoi) MpaKTHKH B

CTaplMx KJjiaccax.

KPATKHUE TEOPETUYECKUE CBEAEHUA

MATPULBI U OIIPEJAEJIMTEJIN
OcHoOBHBIE ONIpeeIeHUsA

Onpeodenenue. Matpuiiet pasmepa MxN, rie M- YUCIO CTPOK, N- YUCIO CTOJIOIOB,
Ha3bIBaeTCs TaOJMIIA YMCEJI, PACIIOJIOKEHHBIX B OMPENEICHHOM IMOpsAJIKe. DTH 4YHCIia
Ha3bIBAIOTCS AJEMEHTAaMM MaTpullbl. MecTo KaXIoro »>JeMEeHTa OJHO3HAYHO
OTIPENICNIICTCS. HOMEPOM CTPOKH M CTOJIOIA, HAa MEePEeCeUYCHUH KOTOPBIX OH HAXOJUTCS.

DI1eMeHTBI MaTPHILbl 0003HAYAIOTCS &, T1I€ - HOMEep CTPOKH, a j- HoMep cTo0Ia.

8, ap . 8y
3, &, .. a
A= 21 22 2n
&y Qg - Qm

OcHoBHbIE 1eiicTBHS HAI MATPHULAMH
Marpuiia MOKeT COCTOSITh KaK M3 OJHOW CTPOKH, TaK M M3 OJHOTrO cTojOna. Boobmie
TOBOPSI, MAaTPHIIA MOXKET COCTOSITh JIaXKe U3 OJJHOTO AJIEMEHTA.
Onpedenenue. Eciim 94ucio cToNOIOB MaTPHIIBI PABHO YHCITy cTpok (M=N),To MaTpuiia
Ha3bIBACTCSl KBA/IPATHOU.

Onpeoenenue. MaTtpuiia Bujaa:
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HA3bIBAECTCA €AMHUYHOW MATPULIEH.
a, 0 .. O
0O a, ... O
Onpeoenenue. KBaapaTHass  Marpuia  BUA 0 Ha3bIBAETCA
0 O a

nn
JAArOHAJIbHOM MaTpHUIIEH.
CrnoxeHre ¥ BBIYUTAHHE MATPHI[ CBOJIUTCS K COOTBETCTBYIOIIMM OMEPAIUSAM HaJ WX
anemMeHTaMu. CaMbIM TJaBHBIM CBOMCTBOM ATHX ONEpalMii SIBISETCS TO, YTO OHH
OIIpPEIeNIeHbI TOJBKO JJIi MaTPHIl OAMHAKOBOTO pa3mepa. Takum 00pa3oM, BO3ZMOKHO
OIIPEIEIUTh ONEPALIUH CIIOKEHHS U BBIYUTAHUS MATPHII:
Onpeoenenue. Cymmoii (pa3HOCTBIO) MaTPHUIL SIBIISIETCS MaTpPUIA, dJIEMEHTaMH KOTOPOU
SIBIISTIOTCS] COOTBETCTBEHHO CyMMa (Pa3HOCTb) DIIEMEHTOB MCXOTHBIX MATPHIL.
C=A+B=B+A.
Omnepanust yMHOXKEHHS (eJIEHUs]) MAaTPHIIBI JIFOOOTO pa3Mepa Ha MPOU3BOIBHOE

YqUCJIO CBOAUTCA K YMHOKCHHUIO (I[eHeHI/IIO) KaXXJ10T0 3JICMCHTA MAaTpUIbl HA 3TO YHUCJIO.

aa, 0a, .. Oa,

aa. aa ... Qa
aA = 21 22 2n

aa,, 0a aa

m2 mn
a (A+B) =aA £ aB
A(axp) =aA £ BA

1 2 3 1 3 4
[Ipumep. Hanb MmaTpuniel A = |2 1 4|;B=|5 7 8|, naiitu 2A + B.
3 2 3 1 2 4
2 4 6 3 7 10
2A =14 2 8], A+B=|9 9 16|.
6 4 6 7 6 10



Onepanus YMHOXEHUS MATPHIIL.

Onpedenenue. Matpuiisl A 1 B Ha3bIBalOT COTJIACOBAHHBIMH, €CJIM YHCIIO CTOJIOIIOB
MaTpUIIBl A paBHO YHCITy CTPOK MaTpHIlsI B.

YMHOKaTh MOKHO TOJLKO COTJIACOBAHHBIE MATPHIIHI.

Onpeoenenue. TlpousBeneHneM MaTpHIl Ha3bIBACTCS MATPHIIA, SJIEMEHTHI KOTOPOM
MOTYT OBITh BBIYMCIICHBI IO CIEIYIOIMM (hopmynam:

AB=C

CsoiicTBa onepanny YMHOXKCHHUA MAaTpPHIIL.

1) YMHOXeHHe MaTpHil He KOMMYTaTHBHO, T.¢. AB Z BA naxe ecnu omnpeneneHsl 06a
npousBeneHus. OpHako, eciu JUisi Kakux — Ju0o Matpull cooTHomenne AB=BA
BBIITOJIHAETCS, TO TAKKE MATPHULbI HA3bIBAKOTCA IEPECTAHOBOYHBIMH.
CambIM XapaKTepHBbIM IPUMEPOM MOKET CIYKUTh €IMHUYHASI MAaTPUIA, KOTOpast
SIBJISIETCS MEPECTAHOBOYHOM ¢ JI000M JPYyroi MaTpuliei TOro ke pa3mepa.
[lepecTaHOBOUHBIMU MOTYT OBITH TOJBKO KBaJpaTHbIE MAaTPUIIBI OJHOTO U TOTO
K€ MOPSAJIKA.

A[E=EA=A
O4eBUAHO, YTO I JHOOBIX MATPHUI] BHIITOJHAIOTCS CIEAYIOIIEe CBOWCTBO:

A[D =0; OA =0,
rae O —HyJneBast MaTpuUIa.
2) Onepartiysi YMHOXKCHHSI MATPHIL aCCOLMATHBHA, T.€. €CJIM ONPECIICHbI TPOU3BEICHUS
AB u (AB)C, To onpenenens BC u A(BC), u BBITIOJTHSAETCSI paBEeHCTBO:
(AB)C=A(BC).
3) Omeparusi yMHOKEHUSI MATPHI] JUCTPUOYTUBHA 10 OTHOIICHHWIO K CJIOXCHHIO, T.C.
ecii umeroT cMmbich Beipakenus A(B+C) u (A+B)C, To cOOTBETCTBEHHO:

AB+C)=AB+AC
(A + B)C =AC + BC.

4) Ecnu mpousBenenne AB onpezenero, To 11 1I000ro 4ncia o BEPHO COOTHOIICHHE:



a(AB) = (aA)B = A(aB).
5) Ecim onpeneneHo mpomsseneHne AB, To ompeneneHo mnpoussenenue B'AT m
BBITIOJTHSIETCS] PABEHCTRBO:

(AB)T =B'A", rae

uHaexcoM T o6o3HavYaeTcs TpaHCIIOHUPOBAHHAS MaTpPHUIIA.
6) 3ameTuM TaKke, 4To JyIs JTF0ObIX KBaapaTHbIX MaTpull det (AB) = detAldetB.
[Tonstre det pnpenenuress, IETEPMUHAHT) OyIET PACCMOTPEHO MO3KE.
Onpeodenenue. Matpuily B Ha3pIBalOT TPaHCIIOHUPOBAHHOM MaTpuIleil A, a mepexoj| ot
A k B TpaHcnoHupoBaHuEM, €CIU AIEMEHThl KaXJI0W CTPOKM MATpullbl A 3amucaTh B

TOM >K€ TIOPSZKE B CTOJOLIBI MaTpHUIlsl B.

Ay By e gy &; &y ... Ay

a, a, .. a T a a
A=|%2 22 2n , B=AT= a, ay m2 ,

arﬂl am2 amn ain a2n amn

ApYyruMU cioBamu, b = g
B kauecTBe cleACTBYUA U3 IPEIBLIYIIEro cBoicTBa (5) MOXKHO 3amucaTs, 4To:
(ABC)"' =C'B'AT,

IIPU YCJIOBUH, UTO OIpezesneHo npousseaenue marpui ABC.

1 0 3 1 -1
[Ipumep. Haubl matpunbl A = |2 4 1|,B=|3|,C =| 2 | u yucno 0 = 2. Haiitu
1 -4 2 2 1
A'B+aC.
1 2 1 1 2 1 1 10+203+12 9
AT=|0 4 -4 AB=|0 4 -4|(13| =|on+4@-42| =4 |;
31 2 31 2 2 30+13B+2[2 10
-2 9 -2 7
aC=| 4 |; AB+aC=|4 |+ 4 |=]|8
2 10 2 12



1
Hpumep. Haiitu npoussenenne matpunt A = (4| uB=(2 4 1).

3
1 12 1@ 10) (2 4 1
AB=|4|2 4 1)=|4@ 4@ 401|=|8 16 4|,
3 32 32 31) |6 12 3

BA=(2 4 1) = (20 + 43 + 13) = =(21).

w P

4
Hpumep. Haiitu npoussenenue Matpun A=(1 2), B = (2 6}

AB=(1 2)[@ :]=(3+1o 4+12)= (13 16).

Onpeneauresnu
Ay & e Ay,
. la, a, .. a,
Onpedenenue.  OnpenenutesieM  KBaJpaTHOM  Marpuubl A=
anl an2 e ann

Ha3bIBACTCsA YHCIIO, KOTOPOC MOKCET OBITH BBIYMCJIICHO IIO 3JIEMEHTaM MaTpulbl I10

bopmye:

det A = Zn“(—l)kﬂalkl\/l1k
k=1

My, — onpenenuTens MaTpPULBbI, MMOJYYEHHOW W3 MCXOJHOM BBIYEPKMBAHUEM IIEPBOU
cTpokd U K — ro cronbma. Cinenyer oOpaTHTh BHHMaHHE HA TO, YTO OINPEICITUTEIH
MMEIOT TOJIBKO KBAJPATHBIE MATPHULBI, T.€. MATPULBI, Y KOTOPBIX YHMCIO CTPOK PABHO
YUCJTy CTOJIOIOB.

[Ipenpinymas gopmysa MO3BOJIAET BBIYMCIUTH ONPEACIUTENb MaTPHUIbl MO0 IEPBOM

CTpOKE, Takke chpaBeyiuBa (OopMysia BBIUMCICHHUS ONPEACTUTENS IO TEPBOMY

cTOJIONY:

tde = Zn:(_l)k+lak1M k1
k=1

10



BooO1ie roBopsi, onpeaeauTeab MOKET BBIYUCIATHCS IO JI000H CTPOKE WUIIM CTOJIOIY

MaTpHIIbI, T.€. CTIpaBeIuBa hopmya:

detAX (- a,M, , i=12,...n.
k=1

O‘-IeBI/II[HO, 4TO Pa3JIMIHbIC MATPULBI MOTYT UMCTh O AMHAKOBLIC OIMPCACINTCIIN.

OnpenenuTenb eAMHUYHON MaTpUIlbl paBeH 1.

Onpenenutens KBaapaTHON MAaTPHUIIBI BTOPOTO MOPsIIKa BEIYUCIIAETCS IO (hopmyrie

;

[Ipumep

=ad —bc

Ui c9- 19 (-3 =—22-45= 67
LS _2‘- (D)= (=19 (-3 = -

AHAIOTUYHO OMNPENENNUTENIb KBAaApaTHOW MAaTpULIBl TPETHETO MOPSAKA MOXKHO
BBIUHCIIUTH C TOMOULIbIO (POPMYJIBI:

a b o
2 By oy|=adbyes tashe, Tagbe) —asbye) — adie, — ahies
a by o

[Ipumep:

1 -2 3
4 0 6/=1.0.94(-7)(-2)-6+4.8.3—(=7)-0.3-1.8.6-4.(=2).9 =
7 8 9

= 0+84+96—0-48+72= 204

Brruucnenne onpenenureneil 4eTBEPTOro MOPSJAKA W BbIIIE OCHOBAHO HA CBOMCTBAX
OIPEICINUTEIS.
Jns ykazaHHOM Matpuibl A 4ucio Mg, Ha3bIBA€TCS JIONOJHUTEIBHBIM MHUHOPOM

JIEMEHTa MATPHIIBI 8yx. TakuM 00pa3oM, MOXKHO 3aKITIOYUTh, YTO KaXIbIA DJIEMEHT
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MaTpullbl HMMEET CBOM JOMOJHUTENbHBIM MHUHOpP. JlOMOJHUTENbHBIE MHUHOPBI

CYILIECTBYIOT TOJIBKO B KBaIpPAaTHBIX MaTPHUIIAX.

Onpedenenue. JIOMOTHUTENBHBIA MHUHOP TPOM3BOJILHOIO 3JIEMEHTA KBaJpPaTHOM

MaTpULBl & pPaBEH OMNPEACIUTEN0 MAaTPULbI, TIOJYYEHHOM U3 HUCXOJHOMU

BBIYCPKHUBAHUEM i-0if CTPOKH U |-TO CTOJIOIIA.

CgoiicTBol BakxHBIM CBOMCTBOM OIPEACIUTENCH SBISECTCS CIEAYIOIIEe COOTHOIIEHUE:
det A = det A;

CBoiicTBO 2 det (AB) = detdetB

CaoiictBo 3 Ecnu B KBajipaTHON MaTpulle MOMEHATh MECTAMH KaKUe-THOO JBE CTPOKH

(wmm cronlua), TO OMpPEeNCNIUTENIb MAaTPUIBl U3MEHHUT 3HAK, HE W3MCHUBIIKCH TIO

a0COJIIOTHOM BEJIMYHHE.

CeoiictBo 4 Ilpu ymHOXeHMH cCTOJIOIA (MM CTPOKH) MATPHUIBI HA 4YHCIO €€

ONPEAECTUTENIb YMHOXKAETCSI HA 3TO YUCJIO.

CaoiictBo 5 Ecnu matpuiia CoOAepKUT HyJIEBOW CTONOCI WM HYJIEBYIO CTPOKY, TO €€

ONpeNeuTeNb paBeH Hymo. (JJaHHoe yTBep)KJeHHWE OYEBHIHO, T.K. CUHTATh

OTIPENCITUTENIb MOKHO HIMEHHO TI0 HYJIEBOM CTPOKE MIIH CTOJIOIY.)

CaoiictBo 6 OnpenenuTenb MaTpULIbl HE U3MEHUTCS, €CIU K DJIEMEHTaM OJHOM U3 €ro

cTpok(cToa0ma)  mpuOaBUTH(BBIYECTH)  JJAEMEHTBHI  Japyroi  ctpoku(cronodua),

YMHOKEHHBIC Ha KaKOE-THOO YUCII0, HE PaBHOE HYJIIO.

CaoiictBo 7 Ecnu Jy1st 3IeMEHTOB KaKoi- TUOO CTPOKHU HIJIM CTOJIOIAa MaTPHIIbl BEPHO

cootHomenue:. d=d, #d, ,e=q e, ,f=1f £f,, 10 BepHo:

a b c |a b ¢ |a b c
d e fl=d, ¢ f|xd, e f,
k | k I m |k | m
1 2 1
[Tpumep. Beruncnute onpenenurens Matpurbl A = |0 -2 3
3 1 1
1 2
-2 0 0 -2
0 -2 3= -2 +1 =(-21-1[B)-2(01-3M@3) + (01+3[2) =
1 3 3 1
3 1
=-5+18 +6 =19.
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3 4)

B= (i g Haiitu det (AB).

[Tpumep:. Janbl MaTpulbl A = (1 2}

1-it cioco0: det A=4 — 6 = -2; detB=15-2=13; det (AB) = det Adet B =
-26.

det (AB) = 718 - §19 = 126 —

2- 11 cr1ocoo: AB=(1[5+2EL 1[2+2[3J—(7 8}

3G+40 32+43) (19 18/’
— 152 =-26.

DJieMeHTapHbIe IPeo0Pa30BaHUsI MATPHULIbI

Onpedenenue DNEeMEHTAPHBIMH TMPEOOPA30BAHUSIMU MATPHUIBI HA30BEM CJICTYIOITUE
npeoOpa30BaHMUs

1) yMHOXEHHE CTPOKH Ha YMCIIO, OTIUYHOE OT HYJIS,

2) mpubaBIeHHUE K DIEMHTAM OJTHOW CTPOKH JIEMEHTOB JPYrO# CTPOKH,

3) mepecTaHOBKa CTPOK;

4) BeruepkuBanue (yaaleHre) OJHON U3 OJMHAKOBBIX CTPOK (CTOJIOIIOB);

5) TpaHCTIOHHpOBAHUE.

Te xe omepaiuu, MpUMEHsIEMbIE JIJISI CTOJIOIOB, TaKKe HA3BIBAIOTCS DJIEMEHTAPHBIMU

peoOpa30BaHUSIMHU.

C noMouIpl0 3JIEMEHTAPHBIX MPeoOpa3oBaHUN MOXKHO K KaKOW-TMOO CTpOKE WIIU

CTOJIOIY IPUOABUTH JTMHEHHYIO KOMOMHAITUIO OCTAIBHBIX CTPOK ( CTOJIOIOB ).

MuHopbI 1 ajredpandyeckue A0N0JTHEHUSA
Onpedenenue Ecnm B maTpuile A BBIIEIUTh HECKOJIBKO MPOU3BOJIBHBIX CTPOK M
CTOJIBKO K€ MPOU3BOJIHBIX CTOJIOIOB, TO ONPEACIUTENb, COCTABICHHBIN U3 JIEMEHTOB,
pacroJOKEHHBIX Ha IMEPEeCEYeHUU STHUX CTPOK M CTOJIOLOB HA3bIBAETCI MHUHOPOM
MaTtpulibl A. Eciiu BbIZIENIEHO S CTPOK M CTOJIOIOB, TO MOTYYEHHBIH MHUHOP HA3bIBAETCS
MHUHOPOM IOpsAJIKA S.
3aMeTuM, 4TO BBINIECKAa3aHHOE ITPUMEHUMO HE TOJIBKO K KBaJIpaTHbIM MaTpULaM, HO U

K IPSIMOYTOJIbHBIM.
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Ecnu BbIYEpKHYTh M3 HMCXOAHOW KBAJpPAaTHOM MAaTpHIbl A BBIJICJIEHHBIE CTPOKU U
CTOJIOIBI, TO OMPEACIUTENb MOTYYEHHON MaTpUIlbl OyAET SBIATHCS JOMOJTHUTEIbHBIM

MHHOPOM.

Onpedenenue AnredpandyeckuM JOMOJTHEHUEM MHUHOpAa MAaTPHIbl HAa3bIBACTCS  €ro
JIOTIOJTHUTEIHHBIE MUHOP, YMHOXKECHHBIM Ha (-1) B CTENeHH, paBHOHW CyMMe HOMEpPOB
CTPOK ¥ HOMEPOB CTOJIOIIOB MHHOPA MATPHIIHI.

B wactHOM ciywae, anreOpandeckuM JOMOJIHEHHEM JJIEMEHTa MaTPHIlbl Ha3bIBAETCS
€T0 JOTOTHUTEIBHBIA MHUHOP, B3SITHIA CO CBOMM 3HAKOM, €CJIM CYMMa HOMEPOB CTOJIOIA
U CTPOKH, HA KOTOPBIX CTOMT AJIEMEHT, €CTh YMCJIO YETHOE M C MPOTHUBOIOJIOKHBIM

3HAKOM, €CJIM HEUYCTHOC.

Teopema Jlannaca. Ecnm BbIOpaHO S CTPOK MaTpHUIBI C HOMEpPAMH Iy, ... ,ls TO
ONIpENeNTUTeNh OTOW MATPHUIBI paBeH CyMME NpPOHM3BEICHHH BCEX MHHOPOB,

PpacCIIOJIOKCHHBIX B Bbl6paHHBIX CTPpOKax Ha UX anre6panquKHe JOITIOJIHCHUA.

OobOpaTHas maTpuna
Onpedenenue Ecin CylIeCTBYIOT KBaJpaTHble MaTpuibl X W A OJHOrO MOpPSJKa,
YIOBJIETBOPSIOIIUE YCIOBUIO:
XA =AX =E,
rae E - enmHMYHAsA MaTpua TOro ke caMoro mopsiaka, 4To u Marpuua A, To Marpuna X
Ha3bIBAeTCS OOPATHOI K MaTpuIile A 1 0603HauaeTcsa A,
Kaxxgas kBajpaTHas MaTpHIla C ONpPEIEIUTENEM, HE PABHBIM HYII0O UMEET OOpaTHYIO

MaTpPUILy W IPUTOM TOJBKO OJTHY.
A=A
A i i .M |4
OOpatHy10 MaTpuILy MO>KHO HaWTH TIO CIIEAYIOIIeH hopmyie: ,roe " —

I
ONPCACIINTCIIb MAaTPUILIbI A ) A —TpPaHCIIOHUPOBAHHAA MaTpHUIla anre6panquKHX

JOTOJIHEHHUH COOTBETCTBYIOMIMX 3JIEMEHTOB MATPULILL 4 |
1 2 a4

[Tpumep. Jlana matpuna A = 3 2 , HarTu A ™.

detA=4-6=-2.
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M1,=4; M= 3; M= 2; M=1
X11= -2, %=1, %= 312,  %~=-1/2

Taxum obOpaszom, A'l=( 21 Z) :
312 -1

CsoiicTBa 00paTHBIX MATPHIL.
1. (AH*t=A;
2. (AB)*=B'A
3. (AN)t=(AH".

[Ipumep. /lana matpuna A = (i i), Haiitn A°,

e fIEDEY ACIRIED

3 2 11 14
OTMeTHM, 4TO MaTPHUIIbI L 4 u 7 18 SIBJISIFOTCS] IEPECTAHOBOYHBIMU.
-1 0 3
2 -1 1
[Ipumep. BpIUKUCIUTH ONIPEIECIUTEID 0 5 1
2 1 4
_2101i 112 2 -12 2 -11
=-13 2 1+3 3 1-4 3 2
0 3 21
1 4 2 1 2 1
2 1 4
-1 1 2
3 2 1=-16-4)-19-1)+2(12-2)=-2-8+ 200
1 4 3
2 -1 2 0 -2 -
0 3 1y=0 3 1|=2(0-2)-1(0-6)=2.
2 1 3 2 1 3
2 -11 |0 -2 -
0 3 2=[0 3 2|[=2(-4)-3(-6)=-8+18=10.
2 1 4 2 1 4

Panr marpuusl
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Onpedenenue. B maTpuiie mopsiaka MXN MUHOP TOPsJIKA [ Ha3bIBAETCs 0A3MCHBIM, €CITH
OH HE paBEH HY/II0, a BCE MHUHOpPHI Mopsaka r+1 W BbIIe paBHBI HYJIO, WIM HE
CYIIIECTBYIOT BOBCE, T.€. I COBIAJAET C MEHBIIIMM M3 YHCEJI M win N.

CTon01BI U CTPOKH MATPHIIBI, HA KOTOPBIX CTOUT 0a3MCHBIM MHHOP, TAKXKE HA3BIBAFOTCS
0a3KMCHBIMH.

B wMarpurie mMoxxeT OBITh HECKOJIBKO Pa3IMYHBIX Oa3MCHBIX MHUHOPOB, WMEIOIINX
OJIMHAKOBBIN MOPSIIOK.

Onpeodenenue. Tlopsnok 6a3MCHOTO MUHOpPA MATPHUIII HA3BIBACTCS PAHTOM MATPHUIIBI U
ob6o3nauaercs RQA.

OdyeHb BaXXHBIM CBOWMCTBOM JJIEMEHTAPHBIX MPeoOpa30BaHU MATPHIL SIBISETCS TO, YTO
OHH HE U3MEHSIOT PAHT MATPHIIHI.

Onpedenenue. Matpulipl, MOTYYEHHBIC B pe3yibTaTe 3JIEMEHTAPHOTO MPeoOpa3oBaHus,

Ha3bIBAOTCA DKBUBAJICHTHBIMMU.

Haao OTMCTUTDb, YTO PABHLBIC MATPpUIbl W JIBUBAJICHTHBLIC MATPUIbI - ITOHATHUA

COBCPUICHHO PAa3JIMYHBIC.

Teopema. Haubonpiiee 4UCIO JUHEHHO HE3aBHUCHMBIX CTOJIOIIOB B MaTpHUIE PAaBHO
YUCIy JIMHEUHO HE3aBUCUMBIX CTPOK.

T.k. snemeHTapHble NpeoOpa3oBaHUsl HE HU3MEHSAIOT PAHI MATPHUIBl, TO MOYKHO
CYILIECTBEHHO YIIPOCTUTH IIPOLIECC HAXOKICHUS PaHTa MAaTPULBI.

[Ipumep. Onpeaenutb paHT MaTPHULIBI.

L 000 1 000 5 1 5 1 5
0000 O D( ]D( ) ‘ J1:11—10:1;::0: RgA = 2.
2 000 11 (2 11 21

2 00011

[Tpumep: OnpenenuTs paHr MaTPUILIBL.

3 5 7 4 8 12 1 2 3
12 3 1

12 3|01 2 3|01 2 3(0 ) =3-2=120= Rg = 2.
135 1

1 35 1 3 5 135

[Tpumep. OnpenenuTs paHr MaTPHLIBI.
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D(l 213 4},‘1 j:4—6:—2¢0.:>Rg=2.

Teopema o 6asucnom munope. B mpon3BoIBHON MaTpuIle A Kaxkbli cToioern (cTpoka)
SBIIICTCSA JIMHCWHON KOMOWHAIMeH CToi0moB (CTPOK), B KOTOPBIX PaCHOJIOKEH
0a3MCHBIN MUHOD.

Takum o0pa3oMm, paHT NPOU3BOJILHON MaTpHIBI A paBeH MaKCHMAIbHOMY YHCITY

JIMHEWHO HE3aBUCUMBIX CTPOK (CTOJIOIIOB) B MaTpHIIE.

Ecmu A- xBampatnas marpuia u detA = 0,To mo kpaiiHed Mepe OJUH U3 CTOJIOIOB —
TUHEHHAs KOMOWHAITMS OCTaIbHBIX CTOOIOB. TO ke camoe CrpaBeIuBO U JJIS CTPOK.
JlaHHOE  yTBEp)KIEHHE CIEAYEeT W3 CBOWCTBA JIMHEMHOW 3aBUCUMOCTH IIPU

ONpEIEIUTENIE PABHOM HYJIIO.

CUCTEMBbBI JIMHEHHBIX AJITEFPAMYECKHUX YPABHEHUM

Onpeoenenue. Cuctema M JIHHEWHBIX aireOpamueckux ypaBHenwit (CJIAY) ¢ n

HEU3BECTHHIMH B 00ILIEM BUJIE 3aIIMCHIBAETCS CIECAYIOINUM 00pa3oMm:

a X tapX, to.ta X, =b
a, X T a,X, +...+a,,X, =b,
a X ta,X, +...+a, X, =b,
rae @ — kodddunuents, a b — mocrosHHble. PelneHMsSMH CHCTEMBI SBISIOTCS
YOOPSAIOYCHHBI HA0Op W3 N dYHcel, KOTOPhIE TMPH TOJCTAHOBKE B CHCTEMY
PEeBPAILAIOT KaX10€ €€ YpaBHEHHE B BEPHOE PABEHCTBO.

Onpedenenue. Ecam cucreMa umeeT XOTs Obl OAHO peIlIEHWE, TO OHA Ha3bIBAETCS
coBMecTHOW. Ecnmu cucremMa He WMEET HHM OJHOTO PEIICHWs, TO OHAa HAa3bIBACTCS
HECOBMECTHOM.

Onpeoenenue. CucreMa Ha3bIBAETCS OINPEJCICHHOM, €CJIM OHAa MMEET TOJIbKO OJHO

peleHre 1 HeonpeAeIeHHO!, eci 00JIee 0THOTO.

Onpeodenenue. J1Jis1 CUCTEMBI JIMHEHHBIX YPAaBHEHUN MaTpuUIla
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A= " *" | Ha3BIBAETCSI OCHOBHOM MATPHUIICH CHCTEMBI, a MaTPHIIa

= ? | Ha3pIBAETCA PACIIMPEHHON MAaTPHIIEH CUCTEMBI

a b

mn m

Onpeoenenue. Ecmm by, by, ...,b, = 0, To cumcrema Ha3bIBaeTCS OIHOPOJIHOM.

OJHOpOJHAA CUCTEMA BCETa COBMECTHA, T.K. BCCrAa UMCCT HYJICBOC PCIICHUC.

ecmbv X0ma Bol 0OHO PeLeHUe pelueHul Hem
| Hecosmecmias|
[ coanecmuas|
poeHo 00K peuisrug BecKoHeY HOE MHONCECINED PDRLUIRHUL
onpedexxéxxazl Ixeonpeaeﬂéxxm I

Pucynokl. Cxema uncna pewennid CJIAY
K snemeHTapHBIM IPe0OpPa30BaHUAM CUCTEM OTHOCATCH:
1)[TpubaBnerne kK 00EMM YacTSIM OJTHOTO YPABHEHHS COOTBETCTBYIOIINX YacTel

APYyroro, yMHOXXCHHBIX Ha OAHO M TO K€ YMCJI0, HC paBHOC HYIIIO.

2)[IepecTaHoBKa ypaBHEHUI MECTaMH.
3)Y nanenue u3 CUCTEMbI YPaBHEHHM, SBIISIONTUXCS TOXKISCTBAMH JIJIS BCEX X.
Teopema (Kponexepa-Kanennu) CucremMa JUHEHHBIX ajreOpanyecKuX ypaBHEHUI
COBMECTHA TOTJA M TOJIBKO TOT/Ia, KOTJIa PAHT PACIIMPEHHON MATPHULIBI CUCTEMBbI PABEH
paHTy OCHOBHOM.

MeToabl penieHUsi CUCTeM JIMHEHHBIX aJire0panvyecKux ypaBHeHH I

Meton. (mpasuno Kpamepa):

Teopema. CucteMa u3 N ypaBHEHUI ¢ N HEM3BECTHBIMU
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311X1+812X2 +"'+a1n n :b.I.
321X1+322X2 +"'+a2 X =b2

n“mn

auX ta,X, +...+a, X, =b,
B CJIy4ae, €CJIM ONPEAEIIUTENb MAaTPULBI CHCTEMbI HE PABEH HYJIIO, UMEET €IMHCTBEHHOE
pELIEHUE U 3TO PELIEHUE HaXOAUTCs 110 (popMyJiam:
Xi = Ai/A, rae
A =det A, a A} —ornpeienuTeb MATPHUIIBI, TOTYYaEMOM M3 MATPHIIBI CHCTEMBI 3aMEHOMN

cToJiona I cToyIoroM CcBOOOIHBIX YJIEHOB b.

ag.ay, b oay,.a,
Qg8 D, 8y,..8

Ai =
anl"'a'ni—l bn ani+1"'ann
[Tpumep.
Ay X T aLX, A% = b.l.
8,0 % +ayX, +3,X; = b,
A5, X X, T g% = b3
a; 3, a5 b a, aj a, b a, a, @, b
A= Ay Ay Ay |, Al: bz Ay, By, AZ: a,, bz Ayg A3= Ay 3y bz;
A3 &y Ay b, a, a; ay b, ag ay a, b

X, = A/detA; % = A,/detA; % = As/detA;
IIpumep. Halitu pemenne cuctemMbl ypaBHEHUN:

5x-y-z=0
X+2y+3z=14
4x+3y+2z2=16

5 -1 -
A=l1 2 3|=5(4-9)+(2-12)—(3-8)=-25-10+ 8-
4 3 2
0 -1 -
A =ha 2 3| =(28-48)— (42 —32)=-20-10 = -30.
16 3 2
X]_:A]_/A:l;
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5 0 -
A, =|1 14 3|=5(28—48)— (16 — 56) = -100 + 40 = -60.

4 16 2
X2=A2/A=2;
5 -1 0
NAs=|1 2 14 =5(32—42) + (16 — 56) = -50 — 40 = -90.
4 3 1
X3:A3/A:3.

Ecim cucrema omnoponna, t1.e. b = 0, To npu A#0 cucrema uMmeeT €AMHCTBCHHOE
HYJIEBOE PEIICHHUE X3 = Xp = ... = %, = 0.
[Tpu A = O cucrema nMeeT OECKOHEYHOE MHOXKECTBO PELICHHI.

MaTpuYHBIA METOJ PEHIEHUS CUCTEM JIMHENHLIX YDABHEHUH.

MaTpuuHblii METO/I IPUMEHUM K PEHICHUIO CUCTEM yYpaBHEHUH, i€ YUCIO YpaBHEHUN
PaBHO YMCITy HEU3BECTHBIX.

Meron yao0eH i perieHusi CUCTEM HEBBICOKOTO MOPSIKA.

Metoa OCHOBaH Ha MPUMEHEHUU CBOMCTB YMHOXKEHUSI MATPHUIL.

ITycTph nana cucrema ypaBHEHUN:
aile + a12X2 ot ain n = bl
alel + a22)(2 Tt a‘2nxn = bZ

anlxl + an2X2 + "'+ anan = bn

Q, Qp ... Q, by X
a,, a, .. a b X
CocraBum Matpuipl: A=| 2 7% an | B ?|; X=""
a, a, .. a, b, X,

Cucremy ypaBHEHUI MOKHO 3aIHACATh:

AX = B.
Cnenaem cienytoiiee npeoOpa3oBaHue: ATAX = A'B,
Tk. AMA=E, 10 EX=A'B

X=A"MB
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JUis mpuMEeHEeHHUs] JAHHOTO METOoJla HeOOXOIMMO HaXOAWTh OOpaTHYIO MaTpHIly, YTO
MOXET OBITh CBSA3aHO C BBIUYUCIUTEIBHBIMUA TPYIHOCTSIMH TPHU PELIEHHUH CUCTEM
BBICOKOTO TOPSIIKA.

IIpumep. Pemmts cucreMy ypaBHEHUM:

5x-y-z=0
X+2y+3z=14
4x+3y+2z2=16

X 0 5 -1 -1
X=|y|,B=|14|,A=|1 2 3
z 16 4 3 2
Haiinem oOpaTHyto MaTpuIly Al
5 -1 -
A=detA=1 2 3|=5(4-9)+1(2-12)-1(3-8)=-25-10+5=-30.
4 3 2
2 -1 - -1 -
Mq= =-5; = =1; = =-1;
1 5 - 5 -
M = = —10; = =14 = :16,
o=l v =
1 5 - 5 -
Mq2= =-5 = =19 = =1
3%, j M3 ‘4 3]‘ s ‘1 21‘ 1
- 5 - 1 - 1
an=—-;  ap=—; == i 1 1
30 30 30 6 30 30
_ 10 _ 14 4 _16 1 7 8
a; =——; ==  an==; A=|-= -L =2
30 # 30 # 30 3 15 15
._5. _4_19 L _ 11 1 19 1
a31_§’ asz_ﬁi Q3 = %’ 6 30 30
CuaenaeM mpoBEpKY:
s 11
5 -1 -1 3](-)0 3](-)4 fg 1 25+10-5 5+14-19 5-16+11
ARA'=|1 2 3|-= -== =2 |==|5-20+15 1-28+57 1+32-33|=E.
30 30 30 0
4 3 2 5 19 11 20-30+10 4-42+38 4+48-22
30 30 30

Haxomgum marpuny X.
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1 1 1 1 .14 16
= = = Z0+=—+=
X 6 30 30 0 6 30 30 1
X=|y :A'lB: —} _l E 14 | = _E0_9_8+1_28 =|2].
3 15 15 3 15 15
z v 19 11| \18) 1. 266 176| (3
6 30 30 6 30 30

Uroro pemenns cuctemsl: X =1;y = 2; z = 3.

Meton ["aycca.

Meton T'aycca Moxer ObITh MPUMEHEH K CHCTEMaM JIMHEWHBIX YpaBHEHUH C
IPOU3BOJIbHBIM YHUCJIOM YPaBHEHUN M HEW3BECTHbIX. CyTh METOJA 3aKIHOYaeTCs B
IIOCIEA0BATEIBHOM UCKIIOYEHUH HEU3BECTHBIX.

PaccmoTpum cucTtemy JIMHEMHBIX YPaBHEHUN

ayX tapX, t..taX, =b
By Xy T8X, t..t @y X, = b,

aX ta X, +..+a X =b

m

Paznenum o6e yactu 1-To ypaBHeHus Ha & # 0, 3arem:

1) yMHOKHM Ha a1 ¥ BBIYTEM U3 BTOPOI'0 YpaBHEHUS

2) YMHOKHM Ha az; ¥ BBIYTEM U3 TPETHETO YPABHCHHUSI

U T.]I.
Meron ['aycca — 310 MeTOX Iepexoaa OT UCXOAHOU CUCTEMBI JIMHENHBIX YPABHEHUN
(TTpu ITOMOIIIM SKBUBAJICHTHBIX MPE0OPa30BaHMI) K CHCTEME, KOTOpast PeIaeTcs Mpolle,
YyeM HCXOJIHas CUCTEMA.
DOKBUBAJICHTHBIMU TIPEOOPA30BAHUSIMH CUCTEMbI JIMHCHHBIX YPABHCHHUM SBIISIFOTCS:
. IepeMeHa MeCTaMH JBYX YpPaBHEHUI B CHCTEME,

YMHOXKEHHE KaKOT0-TM00 ypaBHEHUS B CUCTEME Ha HEHYJIEBOE JCHCTBUTEIHLHOE
YHCJIO,
nprOaBJICHUE K OJTHOMY YPaBHEHHUIO JIPYTrOTO YPaBHEHHS, YMHOXKEHHOTO Ha
MIPOU3BOJIHHOE YHUCIIO.

[Tonyunm:
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X +d,X, +...+d, X, =d;

1In*n

d,,X, +d,X, +...+d, x, =d, .
an’n , rae dlj = alj/all, ] = 2,3, ..., n+1.

d,x, +d ;+...+d X, =d,
dij:aij—aldlj 1=2,3,...,n; j=2, 3, ..., n+l.
I[af[ee IOBTOPSAEM OTH XKE HCﬁCTBHH AJI1 BTOPOIro ypaBHCHHUSA CHUCTCMBI, IIOTOM — AJIA

TPETHEr'o U T.A. ITIOKAa HC 3aKOHYATCs YpPaBHCHMUSI.

[Ipumep. Pemnth cucremy meroqom I 'aycca:
2%y — Xy + 3x3 — 5x, = 1,
Xq; — X, — 5X3 =2,
3x; — 2X, — 2X3 — 5x, = 3,
7xy — 5x, — 9x3 — 10x, = 8.
1. CocTtaBUM pacHIMPEHHYIO MATPHUIy CHUCTEMbl U C IOMOIIBIO 3JIEMEHTAPHBIX

npeoOpa3oBaHUil IPUBEAEM €€ K CTyIIEHYaTOMY BHU]TY.

2-13 -5]1 1-1-5 0 |2 1-1-5 0 | 2

1-1-5 [2-13 =5[1)_ (0113 —5(-3

3—2-2 -5 3-2-2 -5 |3 0113 -5|-3

7-5-9-10 7-5-9-10!8 02 26-10l-6
502

)6 a3

l
.~ 0w
[ BTN
|
N
=
w

2.Ilo cTyneHuaTroi MaTpulle COCTaBUM CTYIIEHYATYI0 CUCTEMY

{ xl—X2—5x3=2,
X2 + 13.X'3 - 5X4 = _3.

3. Haxomum n-r=4-2=2. 3amedaeMm, 49TO B CHCTEME OyAyT IBE HE3aBHCHMBIE
nepemennble. [lycte umu OyayT x; U X4. BeIpa3zum ocrajbHbIE IIEPEMEHHBIE YEPE3
HE3aBUCUMBIE.

X, = 5x, — 13x53 — 3,

X, = 5x, — 8x3 — 1.

Oomiee pemrenue cucreMsl umeeT BUI (5x, — 8x3 — 1; 5x, — 13x3 — 3; X3; X4).
Eciu nonoxuts x3 = x, = 0, mosryunm yacTHoe perrenue cuctemsl (-1; -3; 0; 0).
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DyHIaMEHTAJbHAA CUCTEMA pelIeHu
C oapnopogusiMu CJIAY cBsi3aHO AOMOJNHUTENBHOE MOHATHE — (yHIaMEHTalIbHAS
cucTeMa pemieHui. Jleno B ToM, 4TO €CJIM paHr MaTpulibl cucteMbl oaHOopoaHou CIIAY
paBeH I', To Takast CJIAY umeeT N—I IMHEHHO HE3aBUCUMBIX pelieHuit: ¢l, p2,...,pN-r.
JIrobast COBOKYMHOCTb N—I JIMHEHHO HE3aBUCUMBIX pemieHuid oxHopoanon CIIAY
Ha3bIBACTCS (DYHOAMEHMATbHOU cucmemou (Ui COB0KYNHOCMbIO) peuleHull TaHHOM
CJIAY.
YacTo BMecTO cioBocoueTaHusi ' (pyHIaMeHTaJdbHas CHUCTEMa PEIICHUH HCIOIb3YIOT
abopeuatypy "®CP". Eciu pemenus ¢l, ¢2,...,pn—r obpazyror ®CP, u X — marpuia
nepemeHHbIX nanHou CJIAY, To obmee pemenne CJIAY MOXHO IPeICTaBUTh B TAKOM
BUJIE!
X=Cl-p1+C2-p2+...+Cn-r-pn—T,
rae C1, C2,...,Cn—r — mpou3BOJIbHBIEC IOCTOSIHHBIE.

[Ipumep. Haiitu oGmiee permenue u @CP o1HOPOAHOM CUCTEMBI

Ty — X+ 203 — x4 =0

lry — 222 + 6xa + 32y Lre =0
:'J'l t l.t"_g 2.1'15. } lJ'] T.r'r. ()

Pemenue. [IpuBenem cuctemy K cTyneH4aTOMY BUAY ¢ momMoIisio metona [aycca. Jlms
9TOr0 3allMChIBACM MATPHIy CHCTeMbl (B JaHHOM cjiydyae, TaK KakK CHCTeMa
OJTHOPOJIHAs, TO €€ MPaBble YaCTH PaBHBI HYJIO, B OTOM CIly4ae CTOJIOeI] CBOOOIHBIX
KOA((PUITMEHTOB MOXHO HE BBINTUCHIBATh, TAK KaK TMPHU JIFOOBIX 3JIEMEHTapHBIX
IpeoOpa30BaHUAX B MPABBIX YaCTIX OYAYT MOJydYaThCs HYJIH):

0 3 1
2 1 0
l
|

e

—_— T D

l
1
| 6 3
2 2 l
C TIOMOUIbIO 3JIEMEHTapHBIX MPeoOpa3oBaHUN NPHUBOIUM JAHHYIO MaTpHUIy K
cTyneHyatoMy Buay. OT BTOpPOHM CTPOKM OTHMMAaeM IMEPBYIO, OT TPETbEW - YEThIpE

IIEPBBIX, OT YETBEPTOM - IBE NIEPBBIX:
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OOGHys1eM 3JIeMEHTBI BTOPOTO CTOJI011a, CTOSIIME O] TJIABHOM JHUaroHaiIbio, IJis 3TOr0

OT TPEThEW CTPOKU OTHUMAEM TPU BTOPBIX, K YETBEPTOI MpUOABIIsieM BTOPYIO:

1 10 -3
) -2 2 2
o] 1

0 0 0 9 -3
0 0 0 12 -4

1

OT 4eTBepTOi CTPOKH OTHUMEM  TPETHEN U TPETHIO CTPOKY YMHOXKUM Ha +
l 1 0 -3
0 -2 2 2

A~ . :
0O 00 3 -1
0 0 0 0

HYJ'IGBBIG CTPOKH MOKHO JAJICC HC paCCMAaTPHUBATh, TOr'ld IMOJIy4acMm, 4TO

1 1 0 -3 -1
A~1 0 -2 2 1

0 0 0 -1

LR SVERVL

I[anee ACJIaCM HYJIM HaQ rJIaBHOM AuaroHalibro, AJIsd 9TOTrO OT nepBoﬁ CTPOKHU OTHUMACM

TPETHIO, @ KO BTOPOM CTPOKE MpUOaBIIsieM TPEThIO:

l 1 0 -6 0
A~1 0 -2 2 0

5}
0 0 0 3 -1

TO €CTh ITOJIy4acM CUCTEMY, COOTBETCTBYIOIIYIO ,Z[aHHOP'I MaTpHUIIC.

r1+ a2 — 6y =0
-2 + 213 + Hxy = 0

Jrqy —a5 =10

Wnu, BeIpa3uB OJIHU MEPEMEHHBIE Yepe3 Apyrue, 0y1eM UMETh.
( »

ry = —Iy + by

Ty = I3

S

{ Xy =2 — 34

Ty = Iy

€T = 31y
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3nmech 2 T1- He3aBUCUMbIE (MM CBOOOHBIE) ITEPEMEHHBIC (3TO Te MepeMeHHbIe, Yepe3
KOTOpBIE MBI BBIPa)KaeM OCTAJIbHbIC IEPEeMEHHbIE), 1L L%- 3aBUCUMbIC (CBSI3aHHbBIE)
IIepEeMEHHBIC (TO €CTh T€, KOTOPBIC BEIPAYKAIOTCS Yepe3 CBOOOIHBIE).

KonuuectBo CcBOOOAHBIX TMEPEMEHHBIX PABHO PA3HOCTH OOLIEro  KOJUYECTBA
IIEPEMEHHBIX /(B pacCMaTpHBAEcMOM TIpUMEpPE 1 = 3, TAK KaK CHCTEMa 3aBUCHUT OT IISTH
IIEPEMEHHBIX) M paHra MaTpuilel (B 3TOM Ciydae IMOJYYHIIU, YTO I = 3- KOJHYECTBO

HCHYJICBBIX ~CTPOK TIOCJEC TMPHUBEACHUS MATPHUIBI K  CTYNCHYATOMY BHIY):

n—r=>5—3=2

Tak Kak paHr mMaTpuupl " = 3, a KOJUYECTBO HEU3BECTHBIX CHUCTEMBI 1 = 3, TO TOTrJA
KonuuecTBO pemieHuii B ®CP n—r =5 —3 = 2(y1sg mpoBEpKH, 3TO YHCIO JIOJDKHO
PaBHATHLCS KOJIMYSCTBY CBOOOIHBIX IEPEMCHHBIX).

Hnsa  waxoxnaenuss @DCP cocraBiasieM TaOauIly, KOJMYECTBO CTOJIOIOB KOTOPOM
COOTBETCTBYET KOJMYECTBY HEHM3BECTHBIX (TO €CTh IS paccMaTpUBAEMOTro IpHUMepa
paBHO 5), a KOJIMYECTBO CTPOK paBHO KoimuecTBYy perrennid @CP (To ecTh mMeeM jBe
CTpoKH). B 3arosioBke TaOIMIIBI BBIIMKCHIBAIOTCS MIEPEMEHHBIE, CBOOOIHBIC TTEPEMEHHBIC
OTMEYAIOTCSl CTpenkoil. Jlamee CBOOOMHBIM TIEPEMEHHBIM TPHIAIOTCS  JTIOOBIE,
OJIHOBPEMEHHO HE paBHBIC HYJIIO 3HAYEHUU M U3 3aBUCUMOCTU MEXTY CBOOOJHBIMU U
CBSI3aHHBIMM IIEPEMEHHBIMH HAaXOAATCS 3HAYEHUsI OCTAJbHBIX IEpEeMEHHbIX. [

paccMaTpUBaE€MOM 3a/1auu 3Ta 3aBUCUMOCTh UMEET BUJ:

xr T + 6ay

Ta o Sy

Torz[a npuaaBas B IEPBOM CiIydac, HAIIpUMCEP, HE3aBUCUMbIM IICPEMCHHBIM 3HAYCHUSA

N l f (3'“ l

. " :) ) ,
.I':' l, 'rl l' HOquaeM, qTO A 0 ) (’ (’

[Tomy4yeHHble 3HaYCHUS
3alKChbiBAEM B MEPBYIO CTPOKY TaOmuilbl. AHanoruuHo, Oeps +2 = U, T1 =2 Gynem
UMeTh, yTo L1 = 12.13 205 =0 gro ¢ onpenensaet Bropoe pemenne @CP. B urore

MOJTy9aeM CIICTYIOMIYIO TaOIuILy:
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xl x2 x3

-1] 1 1 0 0
121 0 [-5] 2

DT 1BE CTPOUKH U €CTh (yHIAMEHTAIBHBIM PEIICHUEM 3aanHoi omHopoaHo CJIAY.

YacrtHoE PCIICHUE CUCTEMBI.

X ("1.\'1 t (.‘3_\'2 (.ll 1 { ', 5
0 2
0 6
rae xodduumentsr 1-C2pe paBHbl Hymo omHOBpeMeHHO. W 3amumem o6miee

PCHICHUC B TAKOM BHIC:

(2, = —Cy + 1205
e = ('
 x3 = C = 5C>

ry = 205

x5 = 6C2 (. Ca #0

\
IIpunasas xoncrautam C'1-C2ompeneneHHble 3HauYeHMs M IOACTAaBISAS UX B oOIiee

peleHne, MOXKHO OyIeT HaXOUTh YaCcTHbIE perieHus ogHopoaHon CJIAY.

NHINBUAYAJIBHBIE 3ATAHUSA U1 CAMOCTOSATEJIBHOI'O
BBIITOJIHEHUA

Oco0eHHOCTH U 0AJIBHO-PETHHIOBAsI CHCTEMA OlleHUBAHUSA
WHIAUBUAYAJbHBIX 3aIaHUM
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CamocrosiTenpHas paboTa CTYIASHTOB SIBIAECTCS OOS3aTEIHHBIM KOMITIOHEHTOM
00pa30BaTeNbHOrO MpoIecca, TaK KaKk OHa 00eCrnevYnBaeT 3aKpeIuIeHre MOoTy4aeMbIX Ha
JEKUMOHHBIX 3aHATHSAX 3HAHUM IyTeM NpUOOpPETEHHs] HaBBIKOB OCMBICICHUS U
pacIIMpeHus UX COJEpKaHusl, HAaBBIKOB PEIICHUS aKTyalbHBIX MPo0iIeM (pOopMUpPOBaHUS
oOuienpoecCUOHaNbHBIX U NPO(QECCHOHAIBHBIX  KOMIIETEHLMH,  Hay4dHO-
UCCIIEIOBATENbCKON  JESITENbHOCTH, MOATOTOBKM K IPAKTUYECKUM  3aHATHSM,
CeMHHapaM, c/1aye 3a4€TOB U 3K3aMEHOB.

CamocTrosiTenbHass paboTa MO JMHEMHON anreOpe HalpaBlieHa Ha peElIEHUE
CJIEYIOIINX 3a/1a4:

- 3aKperyieHUe, PaclIMpeHne 3HAHUW U YMEHUH, MOJYYEHHBIX CTYJACHTaMU BO BpeMs
ayJUTOPHBIX U BHEAYAUTOPHBIX 3aHATHUH 110 IMHEHHON anredpe;

- npuoOpeTeHHe OMOJHUTENbHBIX 3HAHWM M YMEHUH Mo TemMaMm «Marpuisl u
orpenenuTenn», «CUcTeMbl JTMHEHHBIX aNreOpandeckux ypaBHEHUII»;

- pa3BUTHE HaBBIKOB CAMOOPIaHU3ALINH;

- (opmHpoBaHHE CAMOCTOATEIHLHOCTH MBILIUICHHS, CIHOCOOHOCTH K CaMOpPa3BUTHIO,
CaMOCOBEPILEHCTBOBAHUIO M CaMOpeaIn3aluiy;

- BbIpa0OTKa HaBBIKOB 3((EKTHUBHOM  CAMOCTOATENbHOW  MpoeCCHOHATBHON
TEOPETUYECKON, IPAKTUUECKON U y4eOHO-NCCIE10BATENBCKON AESITEILHOCTH.

B pabore mpencraBieno 10 BapuaHTOB 3agaHMid UIsl BHEAyJUTOPHOU
CaMOCTOSITENIbHOM paboThl, KOTOPbIE MPENOIaraloT UHAUBUAYaIbHYI0 (OopMy pabOThI
HaJ HUMU. B Kax/10M 13 BapMaHTOB COJIEPIKUTCS YETHIPE 3aJaHUS.

3amaHus MOCTPOCHBI TaK, YTOOBI OXBATUTH OCHOBHOE CO/EpKaHUE TeMbl. MOXKHO
CUMTaTh, YTO MaTepHall CTyJEHTaMH YCBOEH, €CIU OHHM BJIAACIOT Yy4eOHO-
[O3HABATEJIbHBIMU U CIIELUAJIbHBIMU JICHCTBUSIMU Ha YPOBHE INPUMEHEHHUS TEOPHUU
MaTpUll M OIpeAenuTeNedl [Uisi peleHUs CUCTeM JIMHEWHBIX anreOpandecKux
YPaBHCHUU.
3amanus 1. HanpaBieHO Ha NMpOBEPKY YMEHMsI MCIOJIb30BaTh TEOPHUIO ONpEIEIIUTENEH

JJIs1 UX BBIYUCJICHUSA.
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3ananus 2, 3u 4 HanpaBleHbl HA MPOBEPKY YMEHUS MPUMEHSAThH MOJyUYEHHbIE 3HAHUS O

mMaTrpuaax " 00 OMpCACIUTCIIAX JId PCHICHUA CHCTCM JIMHEHUHBIX anre6panquKI/IX

YPaBHCHUU.

OnenuBanne pabOTHI MpecTaBiIeHO B TabmuIe 1.

Ta6muna 1. OnennBanue foMaliHe KOHTPOIbHOM padoTel B BPC

Ne
3a1aHNA

XapakrepucTHKa 3a]aHus

Kpurepun onennBanus

Banabl

1

Brerauciauts ONpCaACIIUTCIIb

YETBEPTOro MOpsaKa

3ajmaya pelieHa MOJHOCTBIO,

BBITTIOJIHEHBI IBa criocoba

BBIYHCIICHUA.

[IpaBunbHO ©  0OOCHOBAaHHO
BBIIIOJIHEH TOJBKO OJMH U3

CIoco0O0B PEIICHHS

Pemmites  cucremy  JIMHEHHBIX

anreOpanyecKux ypaBHEHUH
JIBYMsI CIIOCOOAMU: C TOMOIIBIO
00paTHOW MaTPHIIbI; IO MPABHITY

Kpamepa

3agada pelieHa BEPHO.

Jlormueckn 00OCHOBaHBI BCeE
KaXKIOM

BEPHBIC

mraru  peuICHUA B
cnocobe. Ilomyuens

OTBCThI

XoI peunieHus 3a1ayd BEPHBIH,
HO pelicHue
000CHOBaHHO

HEJIOCTaTOYHO
WM  BepHO
IPE/ICTaBICH TOJBKO OJWH H3
CIIOCOOOB pEIICHUs, & BTOPOH C
BBIYUCIIUTCIIbHBIMHA OH_II/I6KaMI/I.

Brimonnen BCPHO TOJILKO OAWH
Croco0 pernIeHus .

Pemuth
l"aycca

CUCTCMY MCTOAOM

3anaga peuieHa BEPHO.

Jlormueckn 00OOCHOBaHBI BCE
[aru pelIeHuUs,

BEPHBIA OTBETHI

MOJTy4eH

XoI peunieHus 3a1ayd BEPHBIH,
HO pelIeHue HEeAOCTaTOYHO
obocHoBanHo WMJIM wumerorcs

BBIUKCIIUTEIIbHEIE OIITMOKH.

Haiitu byHIaMEHTAIBHYIO
CHUCTEMY pEIICHUH OJHOPOIHOMN
CHCTEMBI JIMHEHNHBIX

anreOpanvecKux ypaBHCHHUI

JlormuHo wu IIOCJICA0BATCIBHO

BBITIOJTHEHBI BCE [Iara
PEIICHHUS, PACCYKICHUS UMEIOT
YeTKOe OOOCHOBAHHME, TOJyYCH

BEPHBIN OTBET
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Xop pelieHus 3aJadd BEPHBIH, 2
HO peIIeHHEe HEeJOCTaTOYHO
obocuoBanno MJIM wumerorcs
BBIYUCIUTEIBLHBIE OMIUOKH.

Xop pemieHus 3aJadd BEPHBIH, 1
HO pCIICHHUE HEA0CTaTOYHO
000CHOBaHHO A HAMEIOTCS

BBIUKCIIUTEIIbHEIE OIITUOKH.

UTOI'o Makcumym 10

TpeGoBaHus K BHINOJHEHUIO U 0()OPMJICHUI0 MHIUBHUIYAJIbHbBIX
3aJaHuM

1. CamocTtodrenbHas padoTa BBITOJHSIETCS B OTEIBHON TETpaau WM Ha CKPETJIEHHbIX
TETPAIHBIX JINCTAX CHHUMHU YEPHUIIAMH, OCTABIISIOTCA MOJIS [T 3aMEUaHUi pelieH3eHTa
(mpemnogaBaTeis).

2. Ha o065oxKke TeTpaau JOKHBI ObITh YKa3aHbl (amMuivs, UMs, OTYECTBO CTYICHTA,
Ha3BaHue (akynbTeTa, HOMEpP Kypca U TpPYININbl CTyJAEHTa, Ha3BaHUE pasjesa
JTUCIUIUIMHBI, HOMEDP BapUaHTA.

Hanpumep: Huoueudyanvnaa paooma 1. Bapuamnm 1 cmyoenmxu
¢akynroemema ungpopmamuxu, mamemamurxu u Ikonomuku | Kypca zpynner M®-19
Heanosoii Tamvanwvt Anexcanoposnut
3. YcnoBus 3a1ay AOKHBI ObITh MOJHOCTBIO MEPENHCaHbl B TETpab. Pemienus 3amau
HE0OXO0IMMO pacroJjiaraTh B MOPsIIKE HOMEPOB, YKAa3aHHBIX B 3a/IaHUU, HOMEpa 3aJJaHul
CJIeIyeT YKa3bIBaTh MEPE YCIOBUEM.

4. Tlpu odopmieHuHn 3amuceil B TETpaaud HEOOXOJUMO BBIMNOJHATH CIEAYIOLIUE
TpeOoBaHMUS:

a) coOmomaTh ab3aibl, BCIKOE HOBOE BBICKA3bIBAaHHE CIICyeT HAYMHATH C KPACHOM
CTPOKH, B KOHIIE BBIMOJIHEHUS 3a/IaHUs 3alIUChIBAETCS OTBET;

0) GopmyIbl, onpeneneHus, TCOPEMbl HY)KHO BBIICISTh B OTICIBHBIC CTPOKH, YTOOBI
cienaTh ux 6ojee 0003pUMBIMH;

B) HCO6XO,Z[I/IMO IMpaBUJILHO y1'[0TpC6JI}ITB MaTeMaTUYCCKHUE CUMBOJIbI,
30



r) GUKCUPOBATH OTBET.
5. Pemenus 3amay  JOJDKHBI  CONPOBOXKAATHCS  KPAaTKUMH, HO  JOCTaTOYHO
000CHOBaHHBIMU TOSICHEHUSIMU.
6. CamoctosiTennbHass paboTa MODKHA OBITH BBIIOJTHEHA B CPOK B COOTBETCTBHH C
yueOHbIM 11aHOM — rpadukoM. [IpenogaBaTens UMeEET MpaBo HE MPUHUMAThH paboOTy Ha
IPOBEPKY BO BPEMSI CECCHU.
BapuaHTbl MHAUBUAYAJIbHbIX 3a1aHUH

3aganue 1. Berancnuts onpenenurens 4-ro mopsiaka IByMst criocodamu (pas3inokeHuem
0 DJIEMEHTaM TIEPBOM CTPOKH, MOHMKEHUEM MOPSAKA ONPEICTUTENs)
3aganue 2. Peummth cucTeMy JHMHEWHBIX anreOpanyecKux ypaBHEHUH JBYMs
crocobamu:

1) ¢ HOMOIIIBIO OOPATHOM MATPHIIHI;

2) o npaBuity Kpamepa;
3apnanue 3. Pemmuth cuctemy metoqom ["aycca.
3ananue 4. Haiitu ¢yHAaMEHTAIbHYIO CHUCTEMY pEIIEHUH OJHOPOAHON CHUCTEMBI

JMHENHBIX anreOpanyecKux ypaBHEHHH.

Bapuanr 1

2 -512
> X — X, +3% =-10,
-3 7 -1 4
1. 2.42% + X, +5x%, = =29,

° -9 27 Ax +2%, + x, = -31
4 -6 12 X T O T X = oL

Ox, +4x, + 2%, +10x, =0,
3% +7X, +5%,—-2x, =0,
X +8x, +6x,-6x, =0,
4x, +15x, +11x, —8x, = 0.

X, +3%, + 2%, + X% = 3,
3. 02% = 3%, + 7%, —14x, - %, = -8, 4.
X +3X, =X +3X, +4X =6.

Bapuanr 2

31



-39 36
-5 8 2 7
4 -5-3-2
7 -8 -4-5

6X, + 5%, —3x%, + 2%, = 4,

- 2% —4X, + X, - 3%, =1,

X + X, +3% + 3%, =3.

3 -3 -5 8
-3 2 4 -6
2 -5 -7 5
-4 3 5 -6

3X + X, +2% 4%, = -7,

2%, +2X, = 3%, + 3%, = -3,
=X +5X, +6X,—2x, = 2.

-2
4

N A pNoW
N ~NR N

-5
7
-9
-6

w w

33X +2X, + 2%, + X, =1,
2% +3%, + X, —X, =2,
X + X, +3% = 3.

3-52-4
-3 4-9 3
-5 7-75
5-8 5-6

Bapuanr 3

Bapuanr 4

Bapuanr 5
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X =% +2% = -9,

A3 2K, + X =7,

2% —4X, + %, = -11.

3x +8x, —9%,—-7x, =0,
X +X —13x,-6x, =0,
X +4X, +5%,+ X%, =0.

X=X X =2,

SAX 2%, + X% =1,

X+ X, + X = 3.

5% —5x, =%, —3x, =0,
X +X +3%-5%, =0,
4% =X, +4x, —-9x, =0.

3x, —5X, + 2%, =1,

11x +6X, +5%, = 2,
TX +4x, +3%, =1 .

2% +3X, =% +5%x, =0,
33X — X, +2%-7x,=0,
4x, + X, —3%,+6x, =0,
X — 2%, +4x%,—7x,=0.

3x, +4x, + 2%, =41,

4% —9X, +5%, =7,

5x —3x, + 7%, = 32.



X +8X, +4x,+2x, = 2, 3x +9x, — 2%, +4x, =0,

X +3% + X =1, 4.3% +4x, —3x%,+6x, =0,
=X —6X, 3% —-X%X, =-2. X +7X,—10x, +20x, = 0.
Bapuanr 6
2 2 2

3 X, —5X, = 2%, =5,

9-8 5 10 2 Jay 4% +2% = -9

>~8 5 8 | 5Xl+32 +:3(3 ——1’3
6-5 4 7 (TG TEE TS

X +X—-3X,-%=0,
X=X +2%-X%X, =0,
4x, —2X, +6x,+3x, —4x, =0,
2% +4X, + 2%, +4x, — 7% = 0.

X +5X,+ X, +3%, =6,
2%, —4x, —3x, +5x, =12, 4.
3x +4x%, +6%,—3%, = 5.

Bapuanr 7/
; : j ; X +3X%, +2%, = -1,
435 2.43% + X, +2x, = -11,
+X, +3%; = -5.
565 4 "R

X =2%+X% =X +X% =0,

2% + X, =% +2%x,—-3% =0,
3X — 2%, — X + X, —2% =0,
2% —9%, + X, —2X, + 2% = 0.

2% +5X%, + X, + 2%, = 2,
X +3X, +4X, — 2%, = 2, 4.
3% +2X, + 3%, —4x, = 4.

Bapuanr 8
- 4
g 75§ ) 125¢ +5x, +25x, =1,
2.48x, + 2%, +4x, = -7,
[ 2);1+3i<+$)9<3—5
-4 8 -8 -3 AT T TS

X —3X, —4x,+x%, =0,

5x —8x, = 2%, +8x, =0,
- 2% — %X, —10x,-5x, =0,
6% —11x, 6%, +9%, = 0.

3X + X, +4x,+5%, 3% =5,
2% — X, + % +2%, = 3, 4.
4X —2X, + 2%, + 3%, — % = 7.

Bapuant 9
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7326

8-9 4 9 XX m 3% = 3L
2.{% +2x, +5x, =-29,

5-3 3 4 XA TN =L

5%, —5%, +10%, - %, =0,
X +X+7X%+X%,=0,
X + 7%, +% +3x, =0,
4x, +8x, +11x, +4x, = 0.

3x, +4x, —5%, —2x, =1,
L ABX +TX, = 2%, +9x, = -1, 4,
2% — X, +8%; +13x, = -3.

Bapuant 10
S
2.12x —7x, +4x, =5,
4 -9 8 5 3X1_ Xiz X3_9
-3 2-5 3 NTRT =S

5x, +6x, +4x,+2x, =0,
7% +5X, +3X, +6x, =0,
2X, =X, =X, +4x, =0,
X +8Xx,+6x,—6x, =0.

33X +2X, + X, — 2%, =1,
. 42% *+5X%, +3x%, =1, 4.
3%, +4x, + 2%, - X, =1.
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