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HNPEANCJIOBUE
Hactosiimme = meroanueckue  MmaTepuanbl — apECOBAHBI  CTYJAEHTaM,
MOJTYYaroIuM KBaMpUKaIuio OakaiaBp 1o HampasiaeHusM noarotopku: 01.03.02
[Mpuxknagnas wmatematnka u  uH@opmaruka, 02.03.03 MaremaTuueckoe
o0ecrniedeHre U aIMUHUCTPUPOBAHNE HHPOPMAIIMOHHBIX CUCTEM U HalpaBIeHBI Ha
OKa3aHUE TIOMOIIX CTYJICHTaM B BBIMIOJTHCHUN JOMAITHEH KOHTPOJILHOH pabOThI 1O

nucuuiuinHe "Anredpa u reomerpus’.

HeoTtpemnemoi JacTbhIO MaTeMaTUYCCKUX MoJIeJIer SIBISIETCS
TCOMETPUUYECKUI KOMIIOHEHT, 3aTaf0IIHNI ()OPMY U PACTIONOKEHUE MOIEITHPYEMBIX
00bekToB. CoCTaBlIeHHE MATpHUIl IEepexojia, PEIICHHE CHCTEM alreOpanvecKux
YpaBHEHUI MpPU MOCTPOECHUU MATEeMaTUYECKUX MOJIeJIed — BCe 3TO Oazupyercsl Ha
amnmapare anreopbl reomeTpud. I[lodToMy wu3ydeHHe STOM AUCHUILIMHBI JacT
BO3MOYKHOCTh CTYJICHTaM OCBOUTbH MOAXOJIbl K FEOMETPUUECKOMY MOJCIUPOBAHUIO

CJIIOKHBIX 00BEKTOB.

Lenpro u3yueHus Kypca «AnreOpa U TEOMETpUs» SBIAETCS OTpadbOTKa
HABBIKOB T'€OMETPUYECKOTO MPECTABIECHUS aHAIMTHYECKHUX 3a7a4 (1 Ha000poT) ¢
TOUKH 3pEHUSI IPUIIOKEHUH, a Oosiee Toro — Kak 06a3y A JalbHENUIIEro u3y4eHus
3a/lay W MPEJCTaBICHUI B JIMHEWHBIX MPOCTPAHCTBAX 00Jiee CI0KHOIO CTPOEHUS
(yHuTapHbIX, QPyHKIIMOHANBHBIX). OHA ABISETCS COCTABHOM YacThIO OOIIEH 1enu
OIIOIIl — moAroToBUTH BBICOKOKBATH(UIIMPOBAHHBIX OaKalaBpOB JJi paObOTHI B
OTpacisx HApOJAHOTO  XO3SCTBA, HAYYHBIX ©  Y4YeOHBIX  3aBEICHHUAX

COOTBETCTBYIOIIETO MPOGUIIS.

JlomannHsisi KOHTpOJbHasi paboTa MpeaHa3HaueHa JJIsi TMPOBEPKU 3HAHUU
CTYJEHTOB 10 paznenam: "Bekropnas anreOpa" u "AHamuTH4ecKkas TreOMETpHs B

MpOCTpaHCTBE".

B METOAUYECCKUEC PEKOMCHIAAMH BKJIKYCHBI. OCHOBHBIC TCOPETHYCCKUEC

CBelleHHs 10 pasnenaM: "BekTtopHas anreOpa" u "AHaiuTHYeCKash T€OMETpUs B



npoctpanctse"; 20 BapHaHTOB JOMAIHEH KOHTPOJBHOW paboThl; oOpaser ee

PELICHUS; CHUCOK OCHOBHOW U JIOTIOJIHUTEIBHOU JINTEPATYPBHIL.

JlaHHBIE METOAMYECKHE MaTepuajbl MO3BOJISIIOT  MPEINOJAaBATEIIO
KaueCTBEHHO OPraHu30BaTh pabOTy Ha MPAKTUYECKUX 3aHATHUSIX, & CTYJICHTY
IIOJATOTOBUTHCA K MPAKTUYECKUM 3aHATHUSAM 110 COOTBETCTBYIOIIMM TE€MaM M

YCIICITHO BBIIIOJIHUTE JOMAIIHIOKO KOHTPOJIBHYTO pa60Ty.



1. BexTopHas ajnreopa

IlonsiTHe BekTOpa

BekTopoM Ha3pIBacTCs HaAIPaBICHHBIA OTPE30K, COCAUHAIOMNN TOYKU A U
B u o6o3nagaerca AB =a

JUtnHOM (MOJlyJIeM) BEKTOpa HAa3bIBAETCA PACCTOSIHUE MEX]y HAdajJoM H
KOHIIOM BEKTOpA.

48] <[

HyneBbiM Ha3pIBaeTCsA BEKTOP, HAYAIO0 U KOHEL KOTOPOTO COBIAJAIOT.

BekTopbl Ha3pIBalOTCA KOJUIMHEAPHBIMU, €CJIM OHH PACIHOJIOKEHBI HA OJTHOU
WIN NapaJijieNIbHbIX OpsiMbIX. HyneBoil BeKTop KommHeapeH J11000My BEKTOPY.

BekTopbl Ha3bIBalOTCS KOMIUIAHAPHBIMH, €CIIM OHHM NapaJljIeNbHbI OJHOU
IJIOCKOCTH.

BekTopbl Ha3bIBAIOTCS PABHBIMM, €CIM OHM KOJUIMHEAPHBI, OJMHAKOBO
HaIlpaBJI€Hbl U UMEIOT OJJUMHAKOBBIE MOJTYJIH.

Besikue BeKTOphl MOXKHO NPUBECTH K OOIIEMY Haualy, T.€. MOCTPOUTH
BEKTOpbI, COOTBETCTBEHHO paBHbIE JaHHBIM M HUMeElolMe oOmee Hayano. U3
OIpPEJENICHHS] PABEHCTBA BEKTOPOB CIIEYET, YTO JIF000I BEKTOP UMEET OECKOHEUHO
MHOT'O BEKTOPOB, PaBHBIX EMY.

JInuHelHbIE ONepanu HA/l BEKTOPAMHU

CyMMoii BEKTOPOB & U b sIBIAeTCS BEKTOp ¢ =d+b , KOTOPBIH MOKET OBITH

HAaWJICH T10 NTPaBWJIaM TPEYTOJbHHUKA WUJIU NTapajlIesIorpaMMa.

[IpousBeneHnemM BeKTOpa d HA JCHUCTBUTEIIBHOE YHCIO « HA3bIBACTCS

BEKTOp b =ar @; |b , DY 3TOM @ KOJUTMHEApeH b .

ol
BekTop d coHampaBiieH C BEKTOPOM b (a ™5 ), ecim o > 0.

BekTop d mpOTHBOIOI0KHO HAIIPABJIEH C BEKTOPOM b (a Nb ), ecm o < 0.

CBONCTBA TUHEWHBIX OIIEPAITHA.
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1)
2)
3)
4)
5)

-

3)i+0=a
4)a+(-)a =0

5) (a-B)a =a(Ba)

6) (atB)a =aa + Pa
No(a +b)=aa+ab

8)1d=a

Ql

Ql

JInHelHbIe oniepaliiy HaJ BEKTOPAMHU B KOODAWHATAX.

IlycTh 3agaHbl BEKTOPHI B IIPAMOYTOJIBHOM CUCTEME KOOPIUHAT
a(x,,v,2,); b(xy,yz,z,), TOTAA JINHEMHBIE ONIEPALIMK HAJl HUMHU B KOOPAUHATAX

HUMCIOT BHUA.

-

a+b= (X, +Xg;Ya+VYsiZa+25); a-a=(aXyay,;0Z,)

CkajnsipHoe NMpou3BeJeHNe BEKTOPOB

OHDGI[CJIGHI/IG. CKaHHpHBIM IMPOU3BCACHUCM BCKTOPOB a U b Ha3bIBACTCA

YHCII0, PABHOE MPOU3BEICHHIO JIJIMH 3THX CTOPOH Ha KOCHHYC YTila MEKIY HUMH.
ab=lallb|cose

CsoiicTBa CKaJILIpHOI'O IPOU3BCACHM].
2

i-a=lal%
i-b=0,ecmu aLb wmm a=0wm b =0.
i-b =b-d,

(ma)-b = a-(mb)=m(a-b); m=const

Ecmm paccmarpuBars BekTOpwl a(x,,y,.z,); b(x,,y,,z,) B JEKapTOBOU

MPSAMOYTOJIbHOW CUCTEME KOOPAUHAT, TO d b = XaXp + VYaYb + ZaZp.
Ucnonb3ys moaydeHHbIE PaBEHCTBA, MojiydaeM (GOpMyJy JJIsi BHIYUCICHUS

yIJla MEXKy BEKTOpaMHu:

xa'xb +yayb +ZaZb .
a-pl

cCosQ =



BekTopHOe Mpou3BeieHNEe BEKTOPOB

Onpenenenue. BekTOpHBIM NPOU3BEICHUEM BEKTOPOB ¢ U b HaA3bIBAETCS

BEKTOP ¢ , YJOBJICTBOPSIOIINN CICAYIONIMM YCIOBHSIM:
1) |e| = |Zz|~‘l§‘ sing, TJIe ¢ - YTOJI MeX/y BEKTOpaMH au b ,
sinp>0; 0<¢p<rx

2) BEKTOp ¢ OPTOTOHAJICH BEKTOpaM d U b

3) d@, b u ¢ 0Opa3yIoT MPaByIo TPOHKY BEKTOPOB.

O6o03HauaeTcs: ¢ =dxb WINC =[ad,b].

CroiicTBa BCKTOPHOI'O ITPON3BCACHHNA BCKTOPOB.

1) bxd=-axb;

2) axb =0, eciu illb wm a=0wm b=0;

3) (ma)xb=ax(mb)=m(axb);

4) ax(b+¢)=axb+ ax ¢,

Ecnu 3a1aibl BeKTOPBI @ (Xa, Ya, Za) U b (X, Vb, Z) B J€KAPTOBOI MPIMOYTOILHOI

CUCTEME KOOPJMHAT C SAMHHYHBIMHA BEKTOPAMH i, j,k , TO

i j ok
axg:‘xa ya Za
Xy YV Zp

CMemaHHOe Mpon3BeleHHe BEKTOPOB



Onpenenenue. CMemaHHBIM ITPOU3BEJECHUEM BEKTOPOB d , b U ¢

HA3bIBAETCS YMCJIO, PABHOE CKAISAPHOMY HPOM3BENEHHIO BEKTOpA G Ha BEKTOD,
PaBHEIl BEKTOPHOMY TIPOH3BEIEHHIO BEKTOPOB b U ¢ .
O6o3Havaercs abcwmm (d, b ,¢ ).

CwmenianHoe mpousBefieHne abC 10 MOJAYNIIO PaBHO 00bEeMYy MapasuielienuIiesa,

SNy

IIOCTPOECHHOI'O HA BEKTOpax d, b U c.

CBolicTBa CMEIIAHHOTO IIPOU3BCACHU.

I)CMmenianHO€ MPOU3BEJEHNE PABHO HYIIIO, €CIIU:
a) XOTs ObI OJIMH U3 BEKTOPOB PAaBEH HYJIIO;
0) 1Ba BEKTOpa KOJUIMHEAPHHBI,
B) BEKTOPHI KOMILTAHAPHBI.
2)(axb)-¢=a-(bx?)
3)(a@,b,¢) = (b,é,a) = (¢,d,b) = —(b,a,¢) = ~(¢,b,d) =—(d,¢,b)
A) (Ad, + pi,,b,é) = M, ,b,¢) + wu(d,,b,c)

O0beM TpeyroiabHOM MHUpaMubl, 0Opa30BaHHOW BEKTOpaMHU d , b U ¢

PaBCH
1. ~ -
g‘(a,b,cl
Ecmm a :(xpypzl)’ 5 :(xzayzazz)a 5:()63,)/3,23), TO

X Yz
(a,b,c)=|x, y, z,

Xy Vs Z3



2. AHAJIUTHYeCKAasl TeOMeTPHsl B IPOCTPAHCTBE

YpaBHeHHE JIOCKOCTH

OO0111ee ypaBHEHHE IIIOCKOCTH.

[110CKOCTBIO HAa3BIBACTCS MMOBEPXHOCTD, BCE TOUKH KOTOPOH YJOBICTBOPSIOT
o0I1IeMy YpaBHEHHIO:
Ax+By+Cz+D=0,
rme A, B, C — KOOpAHHATEI BeKTOpa N = Ai +Bj+Ck -BEKTOp HOPMAaud K
TUTOCKOCTH.

YDaBHeHI/IC IIJIOCKOCTH, HDOXOI[?IHIGI\/'I qCpe3 TPHU TOYKH.

Jli1st TOro, 4TOOBI Yepe3 TPU KaKhe- THOO TOUKH MPOCTPAHCTBA MOKHO OBLIO
IPOBECTH €AMHCTBEHHYIO IIOCKOCTh, HEOOXOIUMO, YTOOBI 3TH TOYKH HE JICIKAIIH
Ha OJTHOM MPSIMOM.

Paccmotpum Touku My(Xy, Y1, Z1), Ma(X2, V2, Z2), Ma(X3, V3, Z3) B 1eKapTOBOM
CHCTEME KOOPIMHAT.

Jlns Toro, 4roObl MpOM3BOJbHAs Touka M(X, Y, Z) Jexana B OIHOU

IJIOCKOCTH ¢ TodkamMu M;, M,, M3z HeoO0X0oauMo, YTOOBI BEKTOPHI

MM, ,M,M,,M M ObUTA KOMIUIAaHAPHBL. T.C. (M, M,,M M, .M M) =0

X=X Y-y zZz—Zz
X, =X, Y,V z,—z|=0

X3 =X V3= 2374

yDaBHeHHe IINTOCKOCTH I10 AIBYM TOYKAM M BCKTOPY., KOJNIMHCAPHOMY ITJIOCKOCTH.

[Tyctb 3amanbl Touku My (Xy, Y1, Z1), Ma(X2, V2, Z2) ¥ BEKTOD d =(a,,a,,a;) .

CocTaBuM ypaBHEHME IIJIOCKOCTH, MPOXOIAIIEH Yepe3 JaHHble TOYKA M; u M, n

MPOU3BOJIbHYIO TOUKY M(X, y, Z) napaienbHO BEKTOPY d .

MM ={x-—x;y—y;z2—2}

Bekropsl U BEKTOp a =(a,,a,,a,) NOJKHBI OBITh

MM, ={x, =x;y, = yi52, =2}
KOMIUTaHApHBL, T.€. (M M, M M,,a) =0

YpaBHEHHE TIIIOCKOCTH:

10



YpaBHEHUE INIOCKOCTH IO TOYKE M BEKTOPY HOPMAJIM.

Eciu B mnpoctpanctBe 3amaHa Touka Mo(Xo, VYo, Zo), TO YypaBHEHHE

IJIOCKOCTH, IPOXOSIIEH uepes Touky Mg HepIeHIUKYISPHO BEKTOPY HOPMaIH N
(A, B, C) umeer Bua:
A(X —Xo) + B(y —Yo) + C(z—-20) = 0.

YpaBHEHHUE INIOCKOCTH B OTPE3KAX HA OCSX.

Ecnu B 00mem ypaBaenun Ax + By + Cz + D = 0 nogenuts o0e yacTu Ha (-

D)
A B
——x——y—gz—l =0,
D D D
D D D
3aMCHUB — ~ =% —5= b, - ¢ MOJIyYUM YypaBHEHHUE INNIOCKOCTH B OTpPE3Kax
Ha OCsX.
x z
X2
a b c

Ywucna d, b, C ABJIAXOTCS TOYKAMU IICPECCUYCHUS MJIIOCKOCTU COOTBETCTBCHHO

C OCsAMH KOOpAHHAT.
Paccrosinve 0T TOUKH 10 IJIOCKOCTH.

Paccrostnue ot npousBoiabHON TOYkH My(Xo, Yo, Zg) 10 IUIOCKOCTH
Ax+By+Cz+D=0 naxoautcs no gpopmyie:
g |Ax, + By, + Cz, + D)

NA* + B> +C?

11




Yroa Mmexay ni0CKOCTIMHA
VYron Mexay IByMs IIIOCKOCTSIMU B MPOCTPAHCTBE () CBSA3AH C YIJIOM MEXY
HOPMAaJISIMH K THM IUTOCKOCTSIM (1 COOTHOLICHHeM: ¢ = ¢; mmd ¢ = 180° - @y, T.c.
COS( = +COSY;.
Onpenenum yroa ¢;. M3BeCTHO, YTO TJIOCKOCTH MOTYT OBITh 3aJIaHbI

COOTHOIIICHUsIMM:

N,-7+D, =0

, TIIe
N, - ¥+D,=0
ﬁl(Al, Bi, Cy), FZ (A, By, Cy). Yron Mexay BeKTOpaMy HOpMaJIM HaijaeM U3 UX
CKaJISIPHOTO TIPON3BEICHUS:
N, ‘N,
COSQP, = —7—; -
i

Taxum 00pa3oM, yros Mex1y IIIOCKOCTAMH HaXOAUTCS 11O popMyJIe:

cosp =+ A4, + BB, + C\C,
\/Af +B+C; \/AZZ +B; +C;

Br16op 3Haka KOCHMHYCa 3aBUCUT OT TOTO, KAKOW YroJl MEXAY TIOCKOCTSIMHU

CIENYET HAUTHU — OCTPBIN, MJIUM CMEKHBIN C HUM TYIIOM.

YcnoBus napaJICJIbHOCTH U IICPIICHANKYJIAPHOCTH

IJIOCKOCTEM.
Ha ocHoBe momyudeHHOU BbIlIe (GOPMYIIBI JJISI HAXOXKICHUS YIia MEXIY

IUIOCKOCTSIMUA MOXKHO HaWTHU YCIOBUA MAapaJUICIIbBHOCTH M IECPHICHAUKYIIAPHOCTH

IJIOCKOCTEM.

12



s Toro, 4toObl IMJIOCKOCTH OBUIM MNEPIEeHAUKYISIPHBI HEOOXOAUMO U
JI0OCTaTOYHO, YTOOBI KOCHHYC yIila MEXIy IUJIOCKOCTSIMH PAaBHSJICS HYJIIO. JTO
yCJIOBHE BBITOJIHSACTCSI, €CIIHU:

A A, + BB, +C,C, =0.

—_—

[[10CKOCTH TapalUIeibHbl, BEKTOpbl HOpMaieil KomumHeapss: N, || N, .3to

Al Bl Cl
YCIIOBHE BBITIOJHSIETCS, €CIIH: e
AZ BZ CZ

YpaBHeHHe NPAMOM B MPOCTPAHCTBE

BexTopHOE YypaBHEHUE OPIMOU

Bo3bMeM NPOM3BONIBHYIO HPAMYH0 W BekTOop S (M, N, P), HapauIenbHbIi
JaHHOM MPsAMOM. BexTop S Ha3hIBAETCS HAPABISIOIMM BEKTOPOM IPSIMOIA.
Ha npsimoii Bo3pMeM JiBe pou3BoJIbHBIE TOUKH Mo(Xo, Yo, Zo) 1 M(X, Y, 2).

— —

O0603HaYMM paguyc- BEKTOPbI ATUX TOYEK KaK 7, U 7, OYUEBUJHO, UTO 7 - 1, =

MM .
T.K. BEKTOPBI M,M ¥ S KOIUIMHEApHBI, TO BEPHO COOTHOIIEHHE M, M = St
rae t — HeKOTOpbIN mapamerp.

WTaK, MOXKHO 3aIKCaTh BEKTOPHOE YPABHEHHUE MPAMOIA: 7= r, + St.

BekTopHoe ypaBHEHHE MOXET ObITh IPEACTABICHO B KOOPJIMHATHON (hopMme:

X =Xx,+mt

y=y,+nt
z=2z,+ pt

[Tosryunm mapaMeTpu4eCcKue YpaBHEHUS OPSMOM.

[IpeobpazoBaB 3Ty cucTeMy U NMPUPABHSB 3HAUCHUS MapameTpa t, moimydaem

KaHOHHWYCCKHUEC YPABHCHUA HDSIMOﬁ B ITPOCTPAHCTBC.

X=Xy Y=Yy 272,

m n p

YpaBHEHUS IPSIMOI B MPOCTPAHCTBE, NPOXOIANIEN UEPE3 NBE TOUKH.

13



Ecnu Ha npsiMoii B IPOCTPAHCTBE OTMETUTH JBE IMPOU3BOJIbHBIE TOYKHU
M1(X1, Y1, Z1) 1 My(X2, Y2, Z2), TO KOOPAMHATHI 3THX TOYEK JODKHBI YIOBJICTBOPSTH
MOJIYYeHHOMY BBIIII€ YPABHEHUIO MPSIMOM:

=% _ V=W _Z5H T4

m n p

KpOMC TOTr'O0, AJIsI TOYKHU M]_ MOKHO 3aIliCarThb.

X=X _Y=nh _z274%

m n D

Pemrast coBMeCTHO 3TH ypaBHEHHUSI, IOJIy4YHM:

X-x, _ Y-y _z-z

Xo=X% V=N 272

DTO ypaBHEHHE NPSIMOU, MPOXOISIIEN Yepe3 IBE TOUKU B IPOCTPAHCTBE.

061111/16 YPaBHEHHUS IPSIMOM B IPOCTPAHCTBE.

VYpaBHeHue mnpAMONM MOXKET OBbITh 3aJaHO KaK ypaBHEHUE JIMHUHU
[IEPECEUYCHHUs IBYX IIJIOCKOCTEH.

[TycTh B mpocTpaHCTBE 3a7aHbl ABe Mockoctu: N, -7+ Dy =0wu N, -7+ D,

= (), BEKTOPbI HOPMAIX UMEIOT KOOpAHHATEL: N, (A, By, Cy), N, (Az By, Co); 7 (X,

Y, 2).
Torga oOuiue ypaBHeHuUs IPSIMOM B BEKTOPHOI (hopMme:
N,-7+D, =0
N, -7+D, =0

OO6mme ypaBHEHUs MPSMOI B KOOPJUHATHOU opme:

Ax+By+Cz+D =0
A,x+B,y+C,z+D, =0

[IpakTHyeckas 3amada 4acTo COCTOUT B NPUBEACHUU YPABHEHHUU NPSMBIX B
o0111eM BHJIe K KAHOHUYECKOMY BHULY.

JIns1 5TOr0 HaO HAWTHU MPOU3BOJIBHYIO TOUKY MPSIMOU U 4yKcia M, N, p.
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[Ipy 5TOM HampaBISIOMIMI BEKTOP NPSIMONM MOXET OBbITh HaWIeH B

peE3yJIbTaTC BCKTOPHOI'O IPOU3BCACHHA BCKTOPOB HOPMAaJIM K 3adaJdHHBIM

IINTTOCKOCTAIM.
i j ok
S _ AT U —.’Bl Cl -:Al Cl _'Al Bl Ky = 7
S=N,xN,=|4 B, C||=i —J =im+ jn+kp.
BZ C2 AZ C2 A2 B2
AZ BZ CZ

Yroa MEKAY NIPAMBIMHU B ITIPOCTPAHCTBC.
ITycTh B MPOCTPAHCTBE 3a1aHbI JBE MPSIMBIE.
Il: 7= I_’{ + §;l‘

—_—

=r, +5,t

Ny

|2:
F=(x1,2); n=0x,3,2); 1n=(x,y,2); S =0m,n,p); S,=(my,n,,p,).

Yron Mexay NpsMBIMU (@ U YrOJI MEXAY HANPABIAIOIIMMU BEKTOpaMU @

STHX TIPSMBIX CBS3aHBI COOTHOMICHHEM: @ = ¢y i ¢ = 180° - ¢y. Yrom mexay

HAIPABIIIOMMMA BEKTOPaAMH HAXOJUTCS W3 CKaJISAPHOTO MpOM3BEACHHS. Takum
obpazom:

—_— —

S-S mm, +nn, +
cosp =+ 22 _ 4 1M, Tn, + pp,

Jm? +n? + ptJm? +n2 + p

—_—

SZ

Sl

YcaoBus HapaJuJICIbHOCTH U IICPIICHANKYJIAPHOCTH

IIPAMBIX B ITPOCTPAHCTBC.

UtoOb! 1BE TIpsiMbIE OBLIIN MapalijieibHbI HEOOXOIUMO U JOCTATOYHO, YTOOBI

HarpaBJIAIOOME  BCKTOPLI

9TUX  MPAMBIX OBLIH KOJIJIMHECApHbI, T.C. HX

COOTBETCTBYIOIINE KOOPAUHATHI OBLITU TPOMOPIIMOHATBHBI.

mo_m _ P

m, n, p,
UtoOsl aBE mpsMble ObUTH MEPHEHANKYJISIPHBI HEOOXOIUMO U JIOCTATOYHO,

YTOOBI HampaBJIAAIOIME BCEKTOPLI J3THUX IIPAMBIX OBLIIH NEPpHNCHAUKYIIAPHBI, T.C.

KOCHHYC yIJIa MEXKAY HUMH PABEH HYIIIO.
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mmy +mn, + pp, =0
Yroa Me:kay NpsiMOH U IVIOCKOCTBIO.

VYrioM Mexay OpsMOM M IUIOCKOCTBbIO HAa3bIBACTCS JIHOOOM Yrosl MEXIy

IPSIMO U €€ MPOEKIMEN Ha ATY MIOCKOCTb.
IIycTh IJIOCKOCTD 3a1aHa ypaBHEHUEM N -7+ D=0, a upsamas 7 =r, +St. U3

~ ~ -— 0
IrCOMCTPHUUCCKUX C006pa}KCHI/II/I BHUAHO, YTO UCKOMBIN YyI'oJI O — 90" - ¢, TAC A -

YTOJI MEXILy BEKTOpaMu N U S . DTOT yros MOXKeT ObITh HaliieH 10 (hopMyJIe:

=y
(7]

CoSx =

=
L

sinp=*cosa == ]Y—:S:
¥

B xoopauHaTHOM opme: sing =+ Am + Bn +Cp
\/A2 +B*+(C? \/m2 +n? +p2

YcaoBus HapaJuJICJIbHOCTH U IICPIICHANKYIIAPHOCTHU

IPsIMOM Y IIJIOCKOCTHU B POCTPAHCTBE.

Jljist TOoro, 4To0BI MpsiMasi U TUIOCKOCTh OBLIU MapalijiesIbHbl, HEOOXOUMO U
JOCTaTOYHO, YTOOBI BEKTOP HOPMAIM K IUIOCKOCTH W HAMPABJISIONINN BEKTOP
npsAMOU ObUTH TMEePHIeHIUKYISPHBL. JIJIst 9TOro He0OXO0AMMO, YTOOBI X CKAISPHOE
pou3BeIcHUE OBIJIO PaBHO HYIJIIO.

NLS, N-S=0, sing=0, Am+Bn+Cp=0.

Hnst Toro, 4ToObl TMpsiMas W IUIOCKOCTh ObUIM TEPHEHAUKYJISPHBI,
HEOOXOJMMMO ¥ JOCTaTOYHO, 4YTOOBI BEKTOP HOpPMaIM K TUIOCKOCTH |
HAIPaBJISIONIMNA BEKTOP MPSIMOUN ObLTH KOJUTMHEAPHBI. DTO YCIOBUE BBHIMOIHSAETCS,

€CJIM BEKTOPHOE MPOU3BEACHUE ITUX BEKTOPOB OBLIO PAaBHO HYIIIO.
A4 B C
m n p

1\7><§:0;
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3. BapuaHTbl JOMalIHEd KOHTPOJIbHON Pad0ThI

JlaHbl KOOpAMHATHI BEPIIUH nupaMuansl Ag, Ay, Az, Ay.

Haiitu:

1) yron mexay peopamu AjAy 1 AjAs;

2) TuIoIa s TpaHn A1 A,Agz;

3) 00bEM nUpaMuIbiA1 A AzAy;

4)yron mexay rpansaMu AjA; Az u AjAzAy;

5) yron mexay peopom AjA, u rpanbio AjA; Ag;

6)ypaBHEHHE BBICOTHI, ONYIIICHHOMN U3 BEPIINHBI A, Ha IpaHb AjA;As.

7) IIMHY BBICOTHI, OMYIIEHHOW U3 BEPIIMHBI A4 Ha TpaHb AjAjAs;.

No Bapuanra Ay A, Az Ay
1 (-2;2,0) (-1;4,6) | (0;-3;1) | (4-54)
2 (-1; 6;5) (2;3; 1) (-2; 7; 0) (2;-3;9)
3 (4; -4; 0) (8;-2; 3) (-1; 6; 2) (6;1;2)
4 (-3; 2, 3) 0;1;-3) | (-2,2,1) | (0;-2;5)
5 (2; -4; 0) (-1;3;5) (3; 0; -1) (9; -3;0)
6 (2;2;-1) (1; 4;- 6) (0; 3; -1) (4;5; 4)
7 (1;- 6; 5) (-2;3;-1) | (2,7;0) (-2;3;9)
8 (4,4;0) (-8;-2,3) | (-1,6;-2) | (6;-1,2)
9 (3;2; -3) (0; -1; 3) (2; 2;-1) (0; -2; -5)
10 (2;4;0) (0; -2, 5) (3;0;1) (-9, 3;0)
11 (2;2;0) (9;-3,0) | (0;-3;-1) | (4,5;4)
12 (-2; 2; 0) (1; 5; 3) (0; -3; 1) (4; -5; 4)
13 (-1; 6; 5) (-2; 3; 9) (-2; 7; 0) (2;-3;9)
14 (4;-4; 0) 6;-1,2) | (-1,6;2) | (-3;2;3)
15 (-1; 6; 2) (0; -2; -5) (-2;2; 1) (2; -4; 0)
16 (-2;2;1) 8:-2;3) | (3;0;-1) (1;5;1)
17 (3;0; -1) (0; 1; -3) 0; -3; 1) (1;- 6; 5)
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18 (0; 3; -1) (-1; 4; 6) (-2; 7;0) (4; 4;0)

19 (2,7;0) 8-2,3) | (-1,6;2) (3;2;-3)

20 (-3; 2; 3) 0;1;,-3) | (-222,1) | (-52,4)

4. O0pasen pelnieHUs BADUAHTA KOHTPOJILHOM

padoThI

Janbl koopauHaThl BepuH rmupamuabl Aq(10, 6, 6), Ax(-2, 8, 2), As(6, 8,
9), A7, 10, 3).
Haiiru:
1) yron mexay pedpamu AjA; u A1Agz;
2) iomaas TpaHu AjA,As;
3) 00béM mupaMuIbIA ;A AzAy;
4)yron mexay rpansmMu AjA; Az 1 AjAzAy;
5) yron mexy peopom AjAs 1 rpanbio AjA; Agz;
6)ypaBHEHHME BBICOTHI, OMYIIICHHOMN U3 BEPIIUNHBI A, Ha TpaHb AjAAj.

7) JUTMHY BBICOTHI, OIYIIICHHOW U3 BEPIIMHBI A, Ha TpaHb AjA,As;.

Pemenne:

Breraucium KOOpANHATBI BEKTOPOB.

AA, ={X,—X,,Y,~Y,,2,-2,}=1{-2-108-6,2-6}={-12,2, - 4},
AA, ={X;—X,,Ys—Y;,2,-2,}={6-108-6,9—-6}={-4,2,3],
AA, ={X,—X,Y,~¥,,2,—2,}={7-1010-6,3-6}={-3, 4,3},

1) Yron mexny peopamu AjA; 1 AjAz paBeH yIiIy MEXKIY BeKTOpamu A A,

1 AA

Cos @ = AAd; - AA, _
‘AiAs "AiA4
B —4-(—3)+2-4+3-(—3) B
- JE4Y +22 +3% (=37 + 42 + (-3)° -
12+8-9 11 11./986

T J16+4+9-49+16+9 +29.v34 986
18




2) Ilnomans rpanu AjA,Az (Tiomanas AA1A;A3z) HaIEM ¢ TIOMOIIIBIO

BEKTOPHOTO IPOM3BeACHUSA BeKTOpoB AA, u A/A; 10 dhopmyie:

%‘AlAZ x A1A3‘.

AAlAZAS_
I ] kK
-2 -4 - |-12 -4 _ |-12 2
AA,x AJA,=-12 2 —4=i- - +k- =
2 3 -4 3 -4 2
-4 2 3

=i-(6+8)-] (-36-16) + k- (-24+8) =14i + 52j-16 k ={14:52; - 16}.

Brrancnum ero qimny:

‘AIAZ x AlAg‘ = J14% +522 1 (-16)> =196 + 2704 + 256 = /3156 = 2/789 .

l—— —— 1
AA,x AA]= 2789789 (ks ex).

Torna SA1A2A3 :E

3) O0BEM mUpaMuIbI HAMIEM C IIOMOIIBIO CMEMTAaHHOTO MPOU3BEICHHS

BEKTOPOB, BBIXOSIIUX U3 OJHON TOUKU A 110 hopmyIie:

1
V:E-‘ (AA, xAA)-AA, .

AlAZ = {_12’ 2’ o 4}’ A1A3 = {_ 4! 2’ 3}, A1A4 = {_ 3; 4, _3}
=12 2 -4
(AA, xAA)- AA,=-4 2 3|=(-12)-2:(3)+2:3:(-3) +(-4)-(-4)-4 -
-3 4 -3

=(-4)-2-(-3)-2:(-4)-(-3) - (-12)-3-4=72-18 + 64 - 24 - 24 + 144 = 214
Hckomblii 00bEM TUpaMUbI
1 107
V==-|1214|=—
5 | | 3 (xy0. en.).
4) Yron mexay rpanaMu AjA; Az 1 AjAzA, HalieM KaK yroJl MexXIy

1ockocTIMHU AjA, Az u A1A3A4

3anuiem ypaBHeHue miiockoctu A A, A, o hopmyie:

Ax-x)+B(y-y,)+C(z-z)=0,
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rie N=(A,B,C)=A,A, x A A, ={14;52;-16}, A,(x,,y,.2,)=A,(10,6,6).
Vpasuenue miockoctn A A A, nmeer BUI:
14-(x—10)+52-(y—6)-16(z-6)=0 ,

7-(x—10)+26-(y—6)-8(z—6)=0

7X—70+26y—-156—-8z+48=0

7X +26y -8z —178 =0

Bekrop Hopmamu miockoctr A A, A, N =(A B,C)={7;26; -8}

AnanornyHo HaiiieM ypaBHeHHe iockoctd A AA, 9x+Yy+52-126=0

Bexrop Hopmainu miockoctd A A A, N___:(A, B, C) ={9;1; 5}

KocuHyc yrma wexay BEKTOpAMH HOpPMald HAWAEM W3 HX CKAIPHOIO

IMPOU3BCIACHHA:

_ —

N, -N, 63+ 26— 40 49

N[N,| V49+676+64-\/81+1+25 /84423

cos @ =

5) Vron mexnay peopom AjA, 1 rpaHbio AjA; Az - 3TO YIol MEXIy IPSIMOit

A1A4 m mmockocThio AtA A3

. N-S —20+104+24 108
SINa = =

N[s| 78934 " /26826

6) YtoObl HaliTH ypaBHEHWE BBICOTHI, ONMYIICHHON W3 BEpIIMHBI A, Ha TpaHb

A1AA3, HYXHO 3alMcaThb YpPaBHEHUE MPSAMOW, MPOXOIAIICH Yepe3 TOUKY Ay
nepneHauKysspao  1iockoctn  AA,A, . Bocnonb3dyemMcss  KaHOHUYCCKHMHU

YPaBHEHUSIMU NPSIMOM B IIPOCTPAHCTBE:

X=X _ V=V _Z27%
m n )%
BeKTOp HOPpMaJIX IIJIOCKOCTH ABJISICTCS HAIIPABJIAIOIIMM BEKTOPOM HpﬂMOﬁ.

x—7 y-10 z-3
26 -8

IHomyunm:

7) JInuHa BBICOTHI, TPOBEACHHOM U3 TOYKU A, , paBHA PACCTOSHHUIO OT 3TOM

TOYKH 0 maockoct AAA;.
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Paccrosiaue ot Touku A(X,, Yy, Z,) 10 INIOCKOCTH, 3aJAHHOW YPaBHEHUEM

Ax+By+Cz+D =0, peruncnsercs mo gopmyire:
|AX, +BY, +Cz, +D|
p= [A2 2 2 '
A°+B°+C

Toraa arHa BRICOTHI IUPAMUIB, TpoBeacHHas u3 Touku A, (7;10;3) mo

mIockocTu A A, A,, 3aIaHHON ypaBHEHUEM X + 26y —8z-178 =0, paBHa

o 7-7+26-10-8-3-178 [49+260-24-178] 107 107-/789

J7% +26% + (-8)’ J789 J789 789
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